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Abstract
We get three types of results on measurable group theory; direct product groups of Ozawa’s class S
groups, wreath product groups and amalgamated free products. We prove measure equivalence factorization
results on direct product groups of Ozawa’s class S groups. As consequences, Monod–Shalom type orbit
equivalence rigidity theorems follow. We prove that if two wreath product groups A  G, B  Γ of non-
amenable exact direct product groups G, Γ with amenable bases A, B are measure equivalent, then G
and Γ are measure equivalent. We get Bass–Serre rigidity results on amalgamated free products of non-
amenable exact direct product groups.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction
Measurable group theory is a discipline which deals with the question how much structure on
countable groups is preserved through measure equivalence. The notion of measure equivalence
was introduced by Gromov [10] as a variant of quasi-isometry. The field recently has attracted
much attention since small measure equivalence classes were found (Furman [8], Kida [14]). The
following is the definition of measure equivalence and ME couplings given by M. Gromov.
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3168 H. Sako / Journal of Functional Analysis 257 (2009) 3167–3202Definition 1. (See [10, 0.5.E].) Let G and Γ be countable groups. We say that G is measure
equivalent (ME) to Γ , when there exist a standard measure space (Σ,ν), a measure preserving
action of G× Γ on Σ and measurable subsets X,Y ⊂ Σ with the following properties:
Σ =
⊔
γ∈Γ
γX =
⊔
g∈G
gY, ν(X) < ∞, ν(Y ) < ∞.
Then we use the notation G ∼ME Γ . The measure space Σ equipped with the G × Γ -action is
called an ME coupling of G with Γ . If the G×Γ -action is ergodic, then Σ is said to be ergodic.
The relation ∼ME is an equivalence relation among countable groups. The equivalence relation
sometimes forgets much structures on groups. For example, arbitrary two amenable countable
groups are ME (by Ornstein and Weiss [17], Connes, Feldman and Weiss [6] and the correspon-
dence between measure equivalence and weak orbit equivalence [9]). On the other hand, for some
group Γ , the other group G is forced to have some algebraic structure when G and Γ are ME.
The latter phenomena are called ME rigidity.
Measurable group theory is closely related to ergodic theory of measure preserving group
actions. By Furman’s observation [9], if two group actions on standard probability space X es-
sentially have a common orbit, or more generally if they are stably orbit equivalent, we naturally
get an associated measurable coupling. We get a cross-sectional link with variegated fields at this
point (see Shalom’s survey [28]). By Murray–von Neumann’s group measure space construc-
tion [16], we introduce operator algebraic structures on orbit equivalence relations.
The purpose of this paper is to show ME and orbit equivalence rigidity results on three types
of countable groups; direct product groups, wreath product groups and amalgamated free product
groups.
2. Main results
Our argument begins with a general principle, which can be used for the three cases. In the
following subsections, we state the principle and explain main results on individual cases.
2.1. Measurable embedding of subgroups
When we consider that the ME coupling Σ gives an identification of two groups G and Γ ,
we may understand that the following defines locations of subgroups in Σ .
Definition 2. Let Σ be an ME coupling of G with Γ (or measurable embedding defined in
Definition 9). We say that a subgroup H ⊂ G measurably embeds into a subgroup Λ ⊂ Γ in Σ ,
if there exists a non-null measurable subset Ω ⊂ Σ which is invariant under the H × Λ-action
so that the measure of a Λ-fundamental domain is finite. Then we use the notation H Σ Λ.
The measurable subset Ω is called a partial embedding of H into Λ. (We remark that for every
Λ-invariant measurable subset Ω ′, there exists a Λ-fundamental domain.)
We will make use of a strategy developed for group von Neumann algebras in the paper
[18,19,21]. In the book [3], Brown and Ozawa introduced the notion of bi-exactness defined on
a discrete group Γ and its family of subgroups G. The notion was characterized by topological
amenability on a relative boundary. They showed the following criterion: If Γ is bi-exact rel-
ative to G, then for any von Neumann subalgebra N ⊂ LΓ with non-amenable (non-injective)
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embedding of corners, which was defined by Popa [22,24]. Bi-exactness also gives a criterion for
measurable embedding, which will be a key ingredient of the three kinds of results. In Section 4,
we will quickly review its definition and basic properties.
Theorem 3 (Theorem 25). Let Σ be an ergodic ME coupling between G and Γ . Suppose that Γ
is bi-exact relative to G. Let H be a subgroup of G. If the centralizer ZG(H) = {g ∈ G | gh = hg,
h ∈ H } is non-amenable, then there exists Λ ∈ G satisfying H Σ Λ.
2.2. Results on direct products
We will show Monod–Shalom type theorems for class S groups (see Section 4 for the
definition of S). In the paper [15], Monod and Shalom proved ME and orbit equivalence
rigidity theorems on class C groups. Both families of groups contain non-elementary word-
hyperbolic groups. But there exist class S groups which have normal infinite amenable subgroups
(Ozawa [19,20]), while the class C does not contain such groups.
Theorem 4 (Theorem 29). Let {Gi | 1  i  m} be a finite family of non-amenable groups and
let {Γj | 1  j  n} be a finite family of S groups. Denote G =∏i Gi , Γ =∏j Γj and Hi =∏
k =i Gk . Suppose m n. If G∼MEΓ , then m = n and there exists σ ∈ Sn satisfying Gσ(j) ∼ME
Γj (1 j  n).
Ozawa and Popa [21] got factorization results on type II1-factors. The above theorem can be
understood as a measurable group theory version of the result. By the correspondence between
measure equivalence and stable (weak) orbit equivalence given by Furman [9], we also get orbit
equivalence rigidity theorems. The most typical one is
Theorem 5 (Theorem 40). Let G,Γ be groups as above. Let α be a free ergodic measure pre-
serving (e.m.p.) G-action on a standard probability measure space X and let β be a free e.m.p.
Γ -action on a standard probability space Y . Suppose that every Gi has no non-trivial normal
finite subgroup and that every Γj is ICC (group with no finite conjugacy class = {1}).
If the actions are stably orbit equivalent and the Hi -actions α|Hi on X are ergodic, then
m = n and there exist σ ∈ Sn and embeddings of groups φi : Gσ(j) → Γj such that the Γ -action
β is conjugate to the induced action IndΓG(α,
∏
φi).
See Section 6.4 for the definition of induced actions. In Section 6, we will get a result on
symmetric groups Out(R),F(R) of relations R and prove rigidity results on groups with an
amenable direct product factor. By using Furman’s technique [8], we have the following. A suit-
able description for our cases has been written in Monod and Shalom’s paper [15].
Theorem 6 (Section 6.5). Let {Γj | 1  j  n} be a finite family of non-amenable ICC groups
in the class S . Denote Γ =∏nj=1 Γj . Let β be a free e.m.p. Γ -action on a standard probability
space Y . Suppose that the restrictions of β on Λj =∏l =j Γl are ergodic. Let G be an arbitrary
group and let α be an arbitrary free e.m.p. G-action on a standard probability space X. Suppose
that α does not have non-trivial recurrent subsets (mild mixing condition). If the actions α and
β are stably orbit equivalent, then these actions are virtually conjugate.
3170 H. Sako / Journal of Functional Analysis 257 (2009) 3167–3202See Definition 1.8 in Monod and Shalom’s paper [15] for the definition of the mild mixing
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2.3. Results on wreath products
The wreath product A  G of a group G with base group A is the group obtained by the
semidirect product group A  G = (⊕g∈GA(g))  G, where A(g) are the copies of A and G act
on the direct sum
⊕
GA
(g) by the Bernoulli shift h((ag)g) = (ah−1g)g .
Theorem 7 (Section 7). Let G,Γ be non-amenable exact groups and let H,Λ be infinite exact
groups. Denote by G˜, Γ˜ wreath products G˜ = A  (G × H), Γ˜ = B  (Γ × Λ) with amenable
bases A, B . The following hold true:
1. If G˜ ∼ME Γ˜ , then G × H ∼ME Γ × Λ. For an ergodic ME coupling Σ of G˜ with Γ˜ , there
exist (G×H)× (Γ ×Λ)-invariant measurable subsets Ω ⊂ Σ which gives an ME coupling
of G×H with Γ ×Λ and satisfies [Γ˜ : G˜]Σ = [Γ ×Λ : G×H ]Ω ;
2. Let α be a free e.m.p. G˜-action on a standard probability space X and let β be a free e.m.p.
Γ˜ -action on a standard probability space Y . Suppose that the restrictions α|G×H and β|Γ×Λ
are ergodic. If α and β are stably orbit equivalent, then α|G×H and β|Γ×Λ are stably orbit
equivalent.
Popa proved very powerful rigidity theorems on Bernoulli shift actions of w-rigid groups (von
Neumann rigidity [22,23], cocycle rigidity [25]). He also proved a cocycle super-rigidity theorem
for Bernoulli shift actions of groups, which are typically given by products of infinite groups and
non-amenable groups [26]. In the papers, Popa developed the deformation/spectral gap argument,
which has been used for several rigidity results on Bernoulli shift actions (Ioana [12], Chifan and
Ioana [5]) and amalgamated free products (Chifan and Houdayer [4]). We note here that our
paper was deeply influenced by the above results, although we will not use the technique.
2.4. Results on amalgamated free products
We will also prove the following Bass–Serre rigidity theorem in measurable group theory.
Theorem 8 admits an amalgamation over a amenable subgroup, while restricting each factor to
direct product of two non-amenable groups.
Theorem 8 (Theorem 50). Let Gi (i = 0,1) be a countable group which is given by a di-
rect product of two non-amenable exact groups. Let Γj (j = 0,1) be also such direct product
groups. Denote by G = G0 ∗AG1,Γ = Γ0 ∗B Γ1 free products with amalgamation over amenable
A ⊂ Gi , B ⊂ Γj . Under the convention 1 + 1 = 0, the following hold true:
1. If G ∼ME Γ , then G0 ∼ME Γj and G1 ∼ME Γj+1 for some j ∈ {0,1};
2. Let α be a free e.m.p. G-action on a standard probability space X and let β be a free e.m.p.
Γ -action on a standard probability space Y . Suppose that the restrictions α|Gi and β|Γj are
ergodic. If α and β are stably orbit equivalent, then there exists j ∈ {0,1} so that α|Gi and
β|Γi+j are stably orbit equivalent for each i ∈ {0,1}.
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Alvarez and Gaboriau [1]. They proved measure equivalence and stably orbit equivalence results
on free products of measurably freely indecomposable (MFI) groups. The class MFI is a
quite large class including non-amenable groups whose first 2-Betti numbers are 0.
In [4], Chifan and Houdayer proved a von Neumann algebraic rigidity theorem for group
measure space constructions L∞XΓ of free e.m.p. actions, where group Γ was required to be
a free product of direct product groups between infinite groups and non-amenable groups. The
assertion was much stronger than rigidity on orbit equivalence relations. Prior to these results,
in [13], Ioana, Peterson and Popa got Bass–Serre rigidity results on von Neumann algebras and
orbit equivalence relations given by free product groups of w-rigid groups.
3. The notion of measure equivalence and measurable embedding
3.1. Measurable embedding
The following notion will be useful throughout this paper, even if one is only interested in
measure equivalence. This is a generalization of Gromov’s measure equivalence.
Definition 9. Let G and Γ be countable groups. (We admit the case that they are finite.) We
say that the group G measurably embeds into Γ , if there exist a standard measure space (Σ,ν),
a measure preserving action of G×Γ on Σ and measurable subsets X,Y ⊂ Σ with the following
properties:
Σ =
⊔
γ∈Γ
γX =
⊔
g∈G
gY, ν(X) < ∞.
Then we use the notation GME Γ . The measure space Σ equipped with the G × Γ -action is
called a measurable embedding of G into Γ . The measurable embedding Σ is said to be ergodic,
if the G× Γ -action is ergodic.
If the measure of the G-fundamental domain Y is also finite, then the measure space Σ gives
an ME coupling between G and Γ . As in the case of ME couplings (Lemma 2.2 in Furman [8]),
if we have a measurable embedding of G into Γ , there is an ergodic one by using ergodic de-
composition.
Definition 10. For a measurable embedding (Σ,ν) of G into Γ , the following quantity is called
the coupling index of Σ and denoted by [Γ : G]Σ :
[Γ : G]Σ = ν(Y )/ν(X) ∈ (0,∞],
where X is a Γ -fundamental domain and Y is a G-fundamental domain. This definition does not
depend on the choice of X and Y .
Remark 11.
1. The relation ME is transitive; if H ME Λ and ΛME Γ , then H ME Γ . The proof is the
same as that of “ ∼ME” [8].
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is also amenable (resp. exact). The class S on countable groups has the same property (see
Sako [27]).
3. For a subgroup Λ ⊂ Γ , we can regard Γ as a measurable embedding of Λ into Γ , letting Γ
act from the right and Λ act from the left. Then the coupling index [Γ : Λ]Γ coincides with
the index of the group inclusion.
4. Let G,H ⊂ Γ be subgroups. We regard Γ as the standard self coupling of Γ , on which
Γ × Γ acts by the left-and-right translation. The groups satisfy G Γ H if and only if
there exists γ ∈ Γ such that GγH is a finite union of left H -cosets. This is equivalent
to [G : G ∩ γHγ−1] < ∞. In this situation, we also have L(G) L(Γ ) L(H) in the sense
of Popa.
We introduce supports of partial embeddings.
Definition 12. Let H ⊂ G, Λ ⊂ Γ be subgroups. Let Σ be a measurable embedding of G
into Γ . Choose a Γ -fundamental domain X and a G-fundamental domain Y . We define
suppΓX(H Σ Λ) ∈ L∞X by the projection which corresponds to
p =
∨{
γχ(Ω)
∣∣ γ ∈ Γ, Ω ⊂ Σ gives H Σ Λ} ∈ (L∞Σ)Γ .
We define suppGY (H Σ Λ) ∈ L∞Y by the projection which corresponds to
q =
∨{
gχ(Ω)
∣∣ g ∈ G, Ω ⊂ Σ gives H Σ Λ} ∈ (L∞Σ)G.
We call them Γ -support and G-support of H Σ Λ respectively.
We note that H Σ Λ in Σ if and only if p = 0 (or q = 0).
3.2. Stable orbit equivalence
For a free measure preserving G-action α on a standard measure space X, we write the equiv-
alence relation of the action as
Rα =
{
(gx, x)
∣∣ x ∈ X, g ∈ G}⊂ X ×X.
This gives an equivalence relation on X with countable equivalence classes. On the set Rα , we
introduce a structure as a measurable set by the identification Rα  (gx, x) → (g, x) ∈ G × X.
The measure on Rα is the same as the one defined in Feldman–Moore [7]. In the case that X
is a finite measure space and that the G-action on X is ergodic, we consider the amplification
of Rsα for s ∈ (0,∞]. We deal with stable orbit equivalence (SOE) between two group actions on
standard measure space. We refer to Vaes’ survey [31] and Furman’s paper [9] with terminology
weak orbit equivalence. As in the case of ME coupling, we have the following.
Lemma 13. There exists an ergodic measurable embedding Σ of G into Γ with coupling index
s = [Γ : G]Σ ∈ (0,∞], if and only if there exist a free e.m.p. G-action α on a standard proba-
bility space X and a free e.m.p. Γ -action β on a standard measure space Y so that they are SOE
with compression constant s = C(Y,X), namely, Rs ∼= Rβ .α
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Shalom [15], when C(Y,X) < ∞. For the case s < ∞, we are done in Lemma 3.2 in Furman [9]
and Remark 2.14 in [15], but we explain the claim in both cases s < ∞ and s = ∞.
Proof. Suppose that there exist a free e.m.p. G-action α on X and a free e.m.p. Γ -action β
on (Y,μ) which are SOE with compression constant s ∈ [1,∞]. We identify measure space X
with a measurable subset of Y , where X, Y satisfy μ(X) = 1 and μ(Y ) = s. We also identify the
relation Rα with Rβ ∩ (X×X). Then we can naturally regard the rectangular part Rβ ∩ (X×Y)
as an ergodic measurable embedding of G into Γ , by letting G act on first entries and Γ act on
second entries. In turn, suppose s < 1. By replacing the roles on G and Γ , we get an ME coupling
between G and Γ given by a rectangular part of Rα .
An ergodic measurable embedding Σ can be regarded as a measurable embedding given by
SOE, when the natural G-action on X ∼= Λ \Σ is (essentially) free. If GME Γ , we can always
find such a measurable embedding Σ by the following procedure. We take a standard probability
space (X1,μ) which is equipped with a measure preserving, weakly mixing and free G-action.
Let Γ act on X1 trivially. We regard Σ ′ = Σ × X1 as an ergodic measurable embedding, on
which G and Γ act by the diagonal actions. Since the G-action on the set Γ \Σ ′ = Γ \Σ ×X1
is free, we get stable (weak) orbit equivalence. Then the constants [Γ : G]Σ , [Γ : G]Σ ′ and
C(G \Σ ′,Γ \Σ ′) coincide. 
3.3. Function valued measures
Let (Σ,ν) be a standard measure space equipped with a measure preserving free action of
a countable group Γ . Assume that the Γ -action has a fundamental domain X. For a subgroup
Λ ⊂ Γ , there exists a fundamental domain XΛ for the Λ-action (for instance XΛ =⊔i∈I γiX,
where {γi}i∈I are representatives of the right cosets Λ \ Γ ).
We denote by Tr the integration of elements in L∞Σ given by the measure ν. We naturally
define the Γ -action on the function space L∞Σ . We define an application TrΛ on Λ-invariant
positive functions (L∞Σ)Λ+ by the integration on XΛ, that is, TrΛ(φ) = Tr(χ(XΛ)φ) ∈ [0,∞].
This definition does not depend on the choice of XΛ. For a Λ-invariant measurable subset
Ω ⊂ Γ , we write TrΛ(Ω) = TrΛ(χ(Ω)).
Consider the natural inclusion L∞X  f → ι(f ) ∈ (L∞Σ)Λ, defined as
ι(f )(γ x) = f (x), x ∈ X, γ ∈ Γ.
We denote by EΛX the pull back of the preduals:
ι∗ = EΛX : L1
((
L∞Σ
)Λ
,TrΛ
)→ L1(X).
The space L1((L∞Σ)Λ,TrΛ) can be identified with the space of the measurable Λ-invariant
functions which are integrable on XΛ.
Let ̂(L∞Σ)Λ+ and L̂∞X+ be the extended positive cones. The former set consists of the
[0,∞]-valued Λ-invariant measurable functions on Σ , and the latter set consists of the [0,∞]-
valued measurable functions on X. The completely additive extension EΛ of ι∗ is unique. We callX
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as XΛ =⊔i∈I γiX, the function valued measure is written by
EΛX(φ)(x) =
∑
i∈I
φ(γix), φ ∈ ̂
(
L∞Σ
)Λ
+,
because every positive measurable function on XΛ can be written as a countable sum of inte-
grable functions and the equation holds true for all integrable functions. It turns out that for any
Λ-invariant measurable subset Ω ⊂ Σ , the function EΛX(χ(Ω)) is a ({0,1, . . .} unionsq {∞})-valued
function. For a Λ-invariant measurable set Ω ⊂ Σ , we also write EΛX(Ω) = EΛX(χ(Ω)).
We get the following basic properties of function valued measures.
Lemma 14. The function valued measure satisfies the following:
1. For φ ∈ ̂(L∞Σ)Λ+, we get
TrΛ
(
ι(f )φ
)= ∫
X
fEΛX(φ)dν, f ∈ L∞X.
This condition determines EΛX(φ).
2. Let θ be a measure preserving transformation on Σ commuting with the Γ -action. Denote
by α a transformation on X ∼= Σ/Γ given by θ . We get
α
(
EΛX(φ)
)= EΛX(θ(φ)), φ ∈ ̂(L∞Σ)Λ+.
3. For a measurable subset W ⊂ X, we get
χ(W)EΛX(φ) = EΛX
(
χ(ΓW)φ
)
, φ ∈ ̂(L∞Σ)Λ+.
Proof. When φ ∈ ̂(L∞Σ)Λ+ is integrable on XΛ, the first condition is the definition of EΛX(φ).
By the complete additivity of EΛX , the first assertion holds for a general φ.
For the second assertion, we note that θ(XΛ) is also a fundamental domain for the Λ-action
on Σ . For φ ∈ ̂(L∞Σ)Λ+ and f ∈ L∞X, we have
TrΛ
(
ι(f )θ(φ)
)= ∫
θ(XΛ)
ι(f )θ(φ)dν =
∫
XΛ
θ−1
(
ι(f )
)
φ dν = TrΛ
(
ι
(
α−1(f )
)
φ
)
.
Since α is measure preserving, we get
TrΛ
(
ι
(
α−1(f )
)
φ
)= ∫
X
α−1(f )EΛX(φ)dν =
∫
X
f α
(
EΛX(φ)
)
dν.
By the first assertion, we conclude α(EΛ(φ)) = EΛ(θ(φ)).X X
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TrΛ
(
ι(f )χ(ΓW)φ
)= TrΛ(ι(f χ(W))φ)= ∫
X
fχ(W)EΛX(φ)dν
By the first assertion, we get the third assertion. 
Lemma 15. Let H ⊂ G and Λ ⊂ Γ be subgroups. Let Σ be a measurable embedding of G
into Γ . Choose a Γ -fundamental domain X ⊂ Σ . Then H Σ Λ if and only if there exists
an H × Λ-invariant measurable subset Ω ⊂ Σ so that the essential range of EΛX(Ω) satisfies
range(EΛX(Ω)) ⊂ {0,∞}.
Proof. If there exists a partial embedding Ω for H Σ Λ, then the function EΛX(Ω) is non-zero,
non-negative and integrable. Thus the essential range of the function intersects with positive
integers.
Suppose that there exists an H × Λ-invariant measurable subset Ω with the above property.
Denote F = EΛX(Ω). Then there exists a positive integer n such that the preimage F−1([1, n]) =
W ⊂ X is non-null. Since the function χ(Ω) is H -invariant, the function F on X is H -invariant
under the dot action H  X ∼= Γ \Σ . Thus the measurable subset W ⊂ X is H -invariant under
the dot action, and the measurable subset Ω ′ = Ω ∩ΓW is H ×Λ-invariant. By Lemma 14, we
get
0 < TrΛ(Ω ′) =
∫
X
EΛX(Ω ∩ ΓW)dν =
∫
X
Fχ(W)dν < ∞.
For a Λ-fundamental domain XΛ for Σ , the measurable set Ω ′ ∩XΛ is a Λ-fundamental domain
for Ω ′ and has finite measure and thus Ω ′ gives a partial embedding H Σ Λ. 
4. Definition and basic properties of bi-exactness
We recall the definition and basic properties of bi-exactness. This notion was introduced in
the 15th chapter of Brown and Ozawa’s book [3]. This section entirely relies on that book.
Definition 16. A subset Γ1 of Γ is said to be small relative to G if there exist s1, t1, . . . , sn, tn ∈ Γ
and Λ1, . . . ,Λn ∈ G satisfying Γ1 ⊂⋃ni=1 siΛiti .
Let c0(Γ ;G) be a C∗-subalgebra of ∞Γ generated by functions whose supports are small
relative to G.
Definition 17. The group Γ is said to be bi-exact relative to G if there exists a map μ : Γ →
Prob(Γ ) ⊂ 1Γ , with the property that for any  and s, t ∈ Γ , there exists a small subset Γ1
relative to G such that ∥∥μ(sxt)− s ·μ(x)∥∥1  , x ∈ Γ ∩ Γ c1 ,
where s ·μ(x) stands for the left translation of μ(x) by s ∈ Γ .
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Proposition 18. (See Proposition 15.2.3 in Brown–Ozawa [3].) The group Γ is bi-exact relative
to G if and only if the Gelfand spectrum of ∞Γ/c0(Γ ;G) is amenable as a Γ × Γ -space with
the left-times-right translation action.
Remark 19. The class S defined in Ozawa’s paper [19] is the same as the set of countable groups
Γ which are bi-exact relative to {{1}}. The Gromov’s word hyperbolic groups are in S . Discrete
subgroups of connected simple Lie groups of rank one are in S (by using [11,29]). The class of
amenable countable groups is a subclass of S . A wreath product A G is in S if G ∈ S and A is
amenable. The group Z2  SL(2,Z) is in S (by Ozawa [19,20]).
The notion of bi-exactness behaves well under direct product, wreath product and free product
with amenable amalgamation.
Lemma 20. (See Lemmas 15.3.3 and 15.3.5 in [3].) Let Γi (1 i  n) be countable groups and
let Γ0 be an amenable group. We denote by Γ the direct product Γ0 ×∏ni=1 Γi . Let Gi be a
non-empty family of subgroups of Γi (1 i  n) and let G be the family of subgroups
G =
n⋃
i=1
{
Γ0 ×Λ×
∏
j =i
Γj
∣∣∣Λ ∈ Gi}.
If Γi is bi-exact relative to Gi , then Γ is bi-exact relative to G.
Lemma 21. (See Lemma 15.3.6 in [3].) If A is amenable and G is exact, then the wreath product
A G is bi-exact relative to {G}.
Lemma 22. (See Lemma 15.3.12 in [3].) Let Γ1,Γ2 be countable groups and A be a common
subgroup of Γ1,Γ2. If Γ1,Γ2 are exact and A is amenable, then the amalgamated free product
Γ1 ∗A Γ2 is bi-exact relative to {Γ1,Γ2}.
5. Location of subgroups
The goal of this section is Theorem 25, which is a consequence of
Proposition 23. Let H be a subgroup of G and Γ be bi-exact relative to G. Let β be a free
m.p. action of Γ on a standard measure space (Y,μ) and let α be a free m.p. action of G on a
measurable subset X ⊂ Y with measure 1. Suppose that α(G)(x) ⊂ β(Γ )(x), for a.e. x ∈ X. We
regard the infinite measure space Σ = Rβ ∩ (X × Y) as a measurable embedding of G into Γ ,
on which G acts on first entries and Γ acts on second entries. If for any Λ ∈ G, there exists no
partial embedding of H into Λ in Σ , then the centralizer ZG(H) is amenable.
Before starting the proof of Proposition 23, we fix some notations and prove a C∗-algebraical
continuity property for Γ -action on Y . The notations are similar to those in Sako [27], but we
write again for the self-containment. The action β (resp. α) gives a group action of Γ (resp. G)
on L∞(Y ) (resp. L∞(X)). We use the same notation β (resp. α) for this action. Let p ∈ L∞(Y )
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L2(Rβ, ν) as
(f ξ)(x, y) = f (x)ξ(x, y), f ∈ L∞(Y ),
(uγ ξ)(x, y) = ξ
(
βγ−1(x), y
)
, γ ∈ Γ, ξ ∈ L2(Rβ), (x, y) ∈ Rβ.
We denote by B the C∗-algebra generated by the images, which is the reduced crossed product
algebra B = L∞(Y ) red Γ . Its weak closure is the group measure space construction M =
L∞(Y )  Γ (Murray and von Neumann [16]). We denote by tr the canonical faithful normal
semi-finite trace on M. The unitary involution J of (M, tr) is written as
(J ξ)(x, y) = ξ(y, x), ξ ∈ L2(Rβ), (x, y) ∈ Rβ.
The group G is represented on pL2(Rβ) = L2(Rβ ∩ (X × Y)) by
(vgξ)(x, y) = ξ
(
αg−1(x), y
)
, g ∈ G, ξ ∈ pL2(Rβ).
We denote by C∗λ(G) the C∗-algebra generated by these operators. The algebra is isomorphic to
the reduced group C∗-algebra of G. The Hilbert space L2(Rα, ν) can be identified with a closed
subspace of pL2(Rβ). The algebra C∗λ(G) is also represented on L2(Rα) faithfully. We denote
by P the orthogonal projection from L2(Rβ) onto L2(Rα). We note that the algebra pBp does
not contain C∗λ(G) in general, although there exists an inclusion between their weak closures.
Let e be the projection from L2(Rβ) onto the set of L2-functions supported on the diagonal
subset of Rβ . This is the Jones projection for L∞(Y ) ⊂ M. Consider L∞(Rβ) ⊂ B(L2(Rβ))
by multiplications. For γ ∈ Γ and a subset Γ0 ⊂ Γ , we define the projections e(γ ), e(Γ0) by
e(γ ) = Juγ JeJu∗γ J, e(Γ0) =
∑
γ∈Γ0
e(γ ) ∈ L∞(Rβ).
For g ∈ G and a subset G0 ⊂ G, we define the projections f (g), f (G0) by
f (g) = vgev∗g = vg(P e)v∗g, f (G0) =
∑
g∈G0
f (g) ∈ L∞(Rβ ∩ (X × Y)).
Let K ⊂ B(L2(Rβ)) be the hereditary subalgebra of B(L2(Rβ)) with approximate units
{e(Γ0) | Γ0 is small relative to G}, that is,
K =
⋃
Γ0
e(Γ0)B
(
L2(Rβ)
)
e(Γ0)
‖·‖.
The algebras B and JBJ are in the multiplier of K , so is D = C∗(B,JBJ ).
The algebra B satisfies the following continuity property. The proof is conceptually identical
to Proposition 4.2 of Ozawa’s paper [19].
3178 H. Sako / Journal of Functional Analysis 257 (2009) 3167–3202Proposition 24. The following map is continuous with respect to the minimal tensor norm:
Ψ : B ⊗C JBJ 
k∑
i=1
bi ⊗ JciJ →
k∑
i=1
biJ ciJ +K ∈ (D +K)/K.
In the case of μ(Y ) < ∞, if Ψ were continuous without taken quotient by K , this condition
would deduce amenability on the group Γ . The above proposition can be regarded as a weakened
amenability property for the Γ -action. We prove the above by using an assist of ∞Γ/c0(Γ ;G).
A property of topological amenability proved by C. Anantharaman-Delaroche [2] plays a vital
role. In the proof, “⊗” stands for the minimal tensor of C∗-algebras.
Proof. Define a representation m· of ∞Γ on L2(Rβ) by the multiplication[
mφ(ξ)
]
(γ x, x) = φ(γ )ξ(γ x, x), ξ ∈ L2Rβ, γ ∈ Γ, φ ∈ ∞Γ.
Let D˜ be the C∗-algebra generated by D and the image of m. It is easy to see that D˜ is in the
multiplier of K . The preimage m−1(m(∞Γ ) ∩ K) is c0(Γ ;G). The homomorphism m also
gives an injective homomorphism of ∞Γ/c0(Γ ;G) into (D˜ +K)/K .
Let E be the minimal tensor product E = L∞Y ⊗ JL∞YJ ⊗ ∞Γ/c0(Γ,G). The product
group Γ × Γ acts on E by
A(g,h)
(
f1 ⊗ Jf2J ⊗
(
φ + c0(Γ ;G)
))= βg(f1)⊗ Jβh(f2)J ⊗ (lgrh(φ)+ c0(Γ ;G)),
where l, r stand for the left and the right translation actions on ∞Γ/c0(Γ ;G) respectively. Let E˜
be the reduced crossed product E red (Γ × Γ ).
We claim that there exists a ∗-homomorphism Ψ : E˜ → (D˜ +K)/K satisfying
Ψ
(
f1 ⊗ Jf2J ⊗
(
φ + c0(Γ ;G)
))= f1Jf2Jmφ +K,
Ψ (g,h) = ugJuhJ +K, f1, f2 ∈ L∞Y, φ ∈ ∞Γ, (g,h) ∈ Γ × Γ.
We consider the ∗-homomorphism from L∞Y ⊗C JL∞YJ ⊗C ∞Γ/c0(Γ ;G) to (D˜ + K)/K
given by the first equation. Since L∞Y,JL∞YJ are nuclear by Takesaki’s theorem [30], this
homomorphism extends to the minimal tensor product E. The homomorphism Γ ×Γ  (g,h) →
ugJuhJ +K ∈ (D˜ +K)/K gives the covariant system of the action A, that is,
(ugJuhJ +K)Ψ
(
f1 ⊗ Jf2J ⊗
(
φ + c0(Γ ;G)
))
(ugJuhJ +K)∗
= ugf1u∗gJuhf2u∗hJm
(
lgrh(φ)
)+K
= Ψ (βg(f1)⊗ Jβh(f2)J ⊗ (lgrh(φ)+ c0(Γ ;G))).
We get a ∗-homomorphism Ψ from the full crossed product E full (Γ × Γ ) to (D˜ +K)/K .
The subalgebra C ⊗ C ⊗ ∞Γ/c0(Γ,G) is in the center of E and globally invariant un-
der the action. Since Γ is bi-exact relative to G, the Γ × Γ -action on the Gelfand spectrum
of C ⊗ C ⊗ ∞Γ/c0(Γ,G) is amenable (Proposition 18). The full crossed product algebra
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on (L∞Y ⊗ JL∞YJ ) red (Γ × Γ ) ⊂ E˜ gives Ψ in Proposition 24. 
We proceed to prove Proposition 23. The proof says that when the H -action on first entries
of Rβ ∩ (X × Y) flees all projections pe(Γ0) for small sets Γ0, Proposition 24 deduces a conti-
nuity property of the reduced group C∗-algebra C∗λ(ZG(H)).
Proof. We may assume that the family G is invariant under conjugation. Indeed, by the defini-
tion, Γ is bi-exact relative to G if and only if Γ is bi-exact relative to G˜ =⋃γ∈Γ γGγ−1. If there
exists a partial embedding Ω ⊂ Rβ ∩ (X × Y) of H into γΛγ−1 for some Λ ∈ G, then γ−1Ω
gives a partial embedding of H into Λ. Assume that G is conjugation invariant.
Denote G1 = ZG(H). The unitaries {vg | g ∈ G1} gives a faithful representation of C∗λ(G1) on
pL2(Rβ)p. We fix this representation. We denote C∗ρ(G1) = JC∗λ(G1)J . To show the amenabil-
ity of G1, it suffices to show that the natural homomorphism
Φ : C∗λ(G1)⊗C C∗ρ(G1) → B
(
pL2Mp)= B(L2(Rβ)∩ (X ×X)),
is continuous with respect to the minimal tensor norm. (See Section 2.6 of [3], for example.) We
take an arbitrary positive number  > 0, a finite subset F ⊂ G1 and x ∈ C∗λ(G1) ⊗C C∗ρ(G1) of
the following form:
x =
∑
s,t∈F
c(s, t)vs ⊗ JvtJ, c(s, t) ∈ C.
Then Φ(x) is given by Φ(x) =∑s,t∈F c(s, t)vsJ vtJ .
Since the norm of Φ(x) is almost attained by some vector, there exists a finite subset Γ0 ⊆ Γ
satisfying ∥∥Φ(x)e(Γ0)∥∥> ∥∥Φ(x)∥∥− . (1)
We claim that there exists δ > 0 with the property: For any projection f in L∞X with
tr(p − f ) δ, ∥∥Φ(x)e(Γ0)f Jf J∥∥> ∥∥Φ(x)e(Γ0)∥∥− . (2)
Otherwise, there would exist a sequence of projections {fk} ⊆ L∞X such that tr(p − fk) < 2−k
and ‖Φ(x)e(Γ0)fkJfkJ‖  ‖Φ(x)e(Γ0)‖ − . Denote pk = fk ∧ fk+1 ∧ . . .. Then we get
‖Φ(x)e(Γ0)pkJpkJ‖ ‖Φ(x)e(Γ0)‖−. This contradicts the fact that pkJpkJ is an increasing
sequence converging to pJpJ .
The unitary vs can be written as a Fourier expansion vs =∑γ uγ p(s, γ ), by some projec-
tions {p(s, γ )} ⊂ L∞X with∑γ p(s, γ ) = p. There exists an increasing sequence of projections{qn(s)} ⊂ L∞X such that limn tr(qn(s)) = tr(p) and vsqn(s) ∈ B = L∞Y red Γ . Since F is
a finite set, there exists a projection q1 ∈ L∞X satisfying tr(p − q1)  δ/3 and vsq1 ∈ B for
all s ∈ F .
The operator x(q1 ⊗Jq1J ) =∑ c(s, t)vsq1 ⊗Jvtq1J is in the domain of Ψ in Proposition 24
and its image is
Ψ
(
x(q1 ⊗ Jq1J )
)= ∑ c(s, t)vsq1Jvtq1J +K = Φ(x)q1Jq1J +K.
s,t∈G1
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‖x‖min 
∥∥Ψ (x(q1 ⊗ Jq1J ))∥∥= ∥∥Φ(x)q1Jq1J +K∥∥(D+K)/K
= inf{∥∥Φ(x)q1Jq1J (1 − e(Γ1))∥∥ ∣∣ Γ1 ⊂ Γ small relative to G}.
We used the fact that {e(Γ1) | Γ1 ⊂ Γ small relative to G} is a net of approximate units for K .
We get a subset Γ1 ⊂ Γ small relative to G with
‖x‖min +  >
∥∥Φ(x)q1Jq1J (1 − e(Γ1))∥∥. (3)
We may assume that Γ1 is of the form Γ1 =⋃ni=1 Λiγi , for some Λi ∈ G, since G is conjugation
invariant. To show the continuity of Φ , we will show an inequality between the right hand side
of (3) and the left hand side of (2) for an appropriate f .
Write Σ = Rβ ∩ (X × Y) and regard Σ as a measurable embedding of G into Γ . We make
use of notations in Section 3.3. The projection pe corresponds to a Γ -fundamental domain
of Σ . We identify X with the fundamental domain. Then the projections pe(ΛiΓ0),pe(Λiγi)
are written as
pe(ΛiΓ0) =
∑
λ∈Λi,γ∈Γ0
Juλuγ JpeJu
∗
γ u
∗
λJ = χ(ΛiΓ0X) ∈ L∞Σ,
pe(Λiγi) =
∑
λ∈Λi
Juλuγi JpeJu
∗
γi
u∗λJ = χ(ΛiγiX) ∈ L∞Σ.
They are elements in (L∞Σ)Λi and their values of Tri = TrΛi are finite. Let e0, e1 be the projec-
tions in A˜ = (L∞Σ)Λ1 ⊕ · · · ⊕ (L∞Σ)Λn defined by
e0 = χ(Λ1Γ0X)⊕ χ(Λ2Γ0X)⊕ · · · ⊕ χ(ΛnΓ0X),
e1 = χ(Λ1γ1X)⊕ χ(Λ2γ2X)⊕ · · · ⊕ χ(ΛnγnX).
Let Tr be the trace on A˜ given by the summation Tr = Tr1 +Tr2 +· · · + Trn. The values Tr(e0)
and Tr(e1) are finite.
Let C ⊆ A˜ ∩L2(A˜,Tr) be the set of convex combinations
conv
{
h(e1) = χ(hΛ1γ1X)⊕ χ(hΛ2γ2X)⊕ · · · ⊕ χ(hΛnγnX)
∣∣ h ∈ H}.
We take the unique element x = x1 ⊕ x2 ⊕ · · · ⊕ xn with the smallest 2-norm in the ultraweak
closure C. Since the set C is globally fixed under the action of H , x is fixed under the ac-
tion of H . Since x is a L2-limit of positive functions, x is positive. For t > 0, its preimage
Ωt =⊔ni=1 Ωi,t ⊂ Σ × {1,2, . . . , n} of [t,∞) has a finite value of Tr. Since ith entry of every
element y ∈ C is Λi -invariant, so is x. The ith measurable subset Ωi,t ⊂ Σ is H -invariant and
Λi -invariant, and the measure of its Λi -fundamental domain is finite. The assumption of Propo-
sition 23 tells that Ωi is a null set. This means that e[t,∞) = 0 and thus we get x = 0 ∈ C. Since
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∑k
i=1 hi(e1) is 2-norm dense in C, there exist h1, h2, . . . , hk ∈ G
satisfying
Tr
(
1
k
k∑
i=1
hi(e1)e0
)
 δ/3.
We choose h ∈ {h1, h2, . . . , hk} satisfying Tr(h(e1)e0) δ/3.
Let E(i)X be the function valued measure from
̂
(L∞Σ)Λi+ to L̂∞X+ defined in Section 3.3.
Each measurable function E(i)X (hΛiγiX ∩ ΛiΓ0X) is integer valued on X. The function F =∑n
i=1 E
(i)
X (hΛiγiX ∩ ΛiΓ0X) is also integer valued. Let p − q2 ∈ L∞X be the support of F . It
follows that
tr(p − q2)
∫
X
Fdμ = Tr(h(e1)e0) δ/3.
Since q2E(i)X (hΛiγiX ∩ΛiΓ0X) = 0, we also get
χ(hΛiγiX)χ(ΛiΓ0X)q2 = vhe(Λiγi)v∗he(ΛiΓ0)q2 = 0.
Since e(ΛiΓ0)q2 = q2e(ΛiΓ0), it follows that
vhe(Λiγi)v
∗
h ⊥ q2e(ΛiΓ0),
vhe(Γ1)v
∗
h =
n∨
i=1
vhe(Λiγi)v
∗
h ⊥
n∧
i=1
q2e(ΛiΓ0) q2e(Γ0),
vh
(
1 − e(Γ1)
)
v∗h  q2e(Γ0).
Since [vs, vh] = 0 for s ∈ G1, letting f = αh(q1)q1q2,∥∥Φ(x)q1Jq1J (1 − e(Γ1))∥∥= ∥∥vhΦ(x)q1Jq1J (1 − e(Γ1))v∗h∥∥
= ∥∥Φ(x)αh(q1)Jq1Jvh(1 − e(Γ1))v∗h∥∥

∥∥Φ(x)αh(q1)Jq1Jq2e(Γ0)∥∥

∥∥Φ(x)e(Γ0)f Jf J∥∥.
Since tr(p − f ) tr(p − αh(q1))+ tr(p − q1)+ tr(p − q2) δ, we can use Eq. (2). Combining
the above inequality, (1), (2) and (3), we get
‖x‖min + 3 >
∥∥Φ(x)∥∥.
Since the positive number  is arbitrary, we get the desired continuity of Φ and Proposi-
tion 23. 
The following is a key result in this paper, which deduces three types of results on direct
product groups, wreath product groups and amalgamated free products.
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inclusion of countable groups. Suppose that there exists an ergodic measurable embedding Σ
of G into Γ and that ΣH ⊂ Σ is an H × Γ -invariant non-null measurable subset.
If the centralizer ZG(H) of H is non-amenable, then there exists a partial embedding Ω
of H into Λ satisfying Ω ⊂ ΣH . In particular, if GME Γ and ZG(H) is non-amenable, then
H ME Λ for some Λ ∈ G.
Proof. Let Σ be an arbitrary ergodic measurable embedding of G into Γ . We denote by Gˆ
the subgroup of G generated by H and ZG(H). Let ΣH ⊂ Σ be a non-null measurable subset
invariant under H × Γ . To show that there exists a partial embedding of H Σ Λ ∈ G in ΣH ,
we only have to find a partial embedding Ω in Σ1 =⋃{gΣH | g ∈ Gˆ}. Suppose that ZG(H) is
non-amenable.
First we consider the case of [Γ : G]Σ  1. We take a standard probability space (X′,μ)
which is equipped with a weakly mixing free measure preserving G-action. Let Γ act on X′
trivially. We regard Σ free = Σ × X′ as a measurable embedding, on which G and Γ act by
diagonal actions respectively. Since the G-action on the set Γ \ Σ free ∼= (Γ \ Σ) × X′ is free
and ergodic, Σ free is an ergodic measurable embedding coming from SOE. The coupling index
is [Γ : G]Σ free = [Γ : G]Σ  1. There exist a Γ -action β on a standard measure space Y , a
measurable subset X ⊂ Y and a G-action α on a standard probability space X such that Σ free ∼=
Rβ ∩ (X×Y). The measurable subset Σ free1 = Σ1 ×X′ ⊂ Σ free is a measurable embedding of Gˆ
into Γ . Since Σ free1 is Γ -invariant, Σ
free
1 = Rβ ∩ (X1 × Y) for some Gˆ-invariant measurable
subset X1 ⊂ X. We apply the contrapositive of Proposition 23 for α|Gˆ : Gˆ  X1 and β : Γ  Y .
We get some Λ ∈ G and an H ×Λ-invariant measurable subset Ω free1 ⊂ Σ free1 so that the measure
of a Λ-fundamental domain of Ω free1 is finite.
We define the measurable function φ on Σ1 by
φ(s) = μ({x ∈ X′ ∣∣ (s, x) ∈ Ω free1 }),
which is defined almost everywhere on s ∈ Σ1. The function φ is invariant under the H -action
and Λ-action on Σ1 outside a null set. Take a fundamental domain D1 ⊂ Σ1 for the Λ-action
on Σ1. Since Ω free1 ∩ (D1 × X′) is the Λ-fundamental domain of Ω free1 and has finite measure,
the function φ|D1 is integrable, by Fubini’s theorem. Any non-trivial level set of φ gives a partial
embedding of H into Λ in Σ1.
We consider the case of [Γ : G]Σ < 1. We take an integer n with n[Γ : G]Σ  1. We define
Γ˜ = Γ × Z/nZ and Σ˜ = Σ × Z/nZ. Let Γ˜ act on Σ˜ by the product action and G act on Z/nZ
trivially. We note that Γ˜ is bi-exact relative to G × {1}. Since [Γ˜ : G]Σ˜ = n[Γ : G]Σ  1, by the
above argument there exist Λ ∈ G and a partial embedding Ω˜ ⊂ Σ˜ of H into Λ× {1}. Then we
define a non-null subset Ω ⊂ Σ by a non-null Ω ×{k} = (Σ ×{k})∩ Ω˜ . This measurable subset
gives an embedding of H into Λ. 
6. Factorization of product groups
Before stating main theorems in this section, we remark some general fact (Proposition 28)
on partial embeddings of normal subgroups.
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Let (A,Tr) be a pair of an abelian von Neumann algebra and its faithful normal semi-finite
trace. Let Γ be a countable group acting on A in trace preserving way. We do not need a condition
on freeness. The following notation will be useful.
Definition 26. A pair (f,Λf ) of a non-zero projection f ∈ A and a subgroup Λf ⊂ Γ is said to
be a fundamental pair if the following conditions hold:
1. The projection f is an absolute invariant projection of the Λf -action, namely, for any pro-
jection f ′  f in A and λ ∈ Λf , we have λ(f ′) = f ′.
2. For any γ ∈ Γ ∩ (Λf )c , the projection γ (f ) is orthogonal to f .
3. The projection∨γ∈Γ γ (f ) is 1.
Let Γnor be the normalizing subgroup for Λf ; Γnor = {γ ∈ Γ | γΛf γ−1 = Λf }. Then the
group Γnor/Λf naturally acts on Aq , where q is the projection q =∨γ∈Γnor γ (f ). The group
Λf acts on Aq trivially. If we consider Aq as an L∞ function space, a measurable subset corre-
sponding to f is a fundamental domain for the Γnor/Λf -action on Aq .
Lemma 27. Let H ⊂ G, Λ ⊂ Γ be normal subgroups and let (Σ,ν) be a standard measure space
on which an ergodic G× Γ -action is given. Suppose that the Γ -action on Σ has a fundamental
domain X ⊂ Σ .
If there exists an H × Λ-invariant projection e ∈ L∞Σ with range(EΛX(e)) ⊂ {0,∞}, then
there exist an H × Λ-invariant projection f and an intermediate subgroup Λ ⊂ Λf ⊂ Γ such
that [Λf : Λ] < ∞ and that the pair (f,Λf /Λ) is a fundamental pair for the Γ/Λ-action on
(L∞Σ)H×Λ.
Before the proof, we note that the action of Γ on L∞Σ globally fixes the fixed point sub-
algebras (L∞Σ)Λ, (L∞Σ)H×Λ, since Λ is a normal subgroup of Γ . Furthermore, this action
preserves the trace TrΛ defined in Section 3.3. This is because the definition of TrΛ does not
depend on the choice of a Λ-fundamental domain of Σ .
Proof. Let k be the minimal element among the positive integers⋃{
range
(
EΛX(e)
) ∣∣ e ∈ (L∞Σ)H×Λ}∩ {0,∞}c.
We assume k ∈ range(EΛX(e)). Let U ⊂ X be the preimage of k. We replace e with the restriction
eχ(Γ U). Since the subset U is invariant under the H -action on X ∼= Γ \ Σ , the restriction is
also H ×Λ-invariant. Then EΛX(e) is non-zero and range(EΛX(e)) ⊂ {0, k}. Let Ω be a measurable
subset corresponding to e. There exists a non-null measurable subset X1 ⊂ U such that
Ω ∩ ΓX1 =
⊔
γi∈Γ0
ΛγiX1,
for some finite subset Γ0 = {γ1, γ2, . . . , γk}. By replacing X with γ1X1 unionsq (X ∩ (X1)c), we may
assume that 1 = γ1. Then the union of k-cosets Λf =⊔γi∈Γ0 Λγi is a subgroup of Γ . Indeed,
for γ ∈ Γ , we get
EΛ
(
γ (e)e
)
1X =
∣∣Λ \ (γΛf ∩Λf )∣∣1X .X 1 1
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|Λ \ (γΛf ∩Λf )| = k or 0. In other words, we get γΛf ∩Λf = Λf or ∅. It follows that Λf is
a subgroup of Γ . We define f by
∧
γ∈Λf γ (e). Since χ(
⋃n
i=1 ΛγiX1) f  e, the projection
f satisfies range(EΛX(f )) ⊂ {0, k} and
γ (f ) = f (γ ∈ Λf ), γ (f ) ⊥ f
(
γ ∈ Γ ∩ (Λf )c
)
. (4)
Furthermore, there exists a projection f with the property (4) and EΛX(f ) is k1X . Let α be the
G-action on X defined by the natural identification X ∼= Γ \Σ . Since the G×Γ -action on Σ is
ergodic, the dot action α : G  X ∼= Γ \Σ is also ergodic. Let V ⊂ X be the support of EΛX(f ).
This is H -invariant. If V is not X, then there exists g ∈ G such that W = V ∩ (αg−1(V ))c is
not null and H -invariant. Then the projection f + g(f χ(ΓW)) is also H × Λ-invariant. By
Lemma 14, the value of EΛX is
EΛX
(
f + g(f χ(ΓW)))= kχ(V )+ kχ(αg(W)).
We get a projection greater than the original one with the same properties. By the maximality
argument, we get an H ×Λf -invariant projection f with EΛX(f ) = k1X .
The Λf /Λ-action on f (L∞Σ)H×Λ is trivial. Indeed, by the minimality of k, if a projection
f ′ is smaller than f and H ×Λ-invariant, then range(EΛX(f ′)) ⊂ {0, k}. The projection f ′ must
be written as f ′ = f χ(Γ D) by some D ⊂ X. The projection f ′ is also Λf -invariant. Since
the support of EΛX(f ) is X, the projection
∨
γ∈Γ γ (f ) is 1. It turns out that (f,Λf /Λ) is a
fundamental pair for the Γ/Λ-action on (L∞Σ)H×Λ. 
Proposition 28. Let H ⊂ G, Λ ⊂ Γ be normal subgroups of countable groups and let (Σ,ν) be
an ergodic ME coupling for G and Γ (resp. an ergodic measurable embedding of G into Γ ). If
there exists a partial embedding from H into Λ in Σ and if there exists an H ×Λ-invariant pro-
jection f ∈ L∞Σ with range(EHY (f )) ⊂ {0,∞}, then G/H ∼ME Γ/Λ (resp. G/H ME Γ/Λ).
Proof. Let Ω ⊂ Σ be a partial embedding of H into Λ. The measurable function EΛX(Ω) on
a Γ -fundamental domain X is integrable, since
∫
X
EΛX(Ω) = TrΛ(Ω) < ∞. Thus there exists a
fundamental pair (e,Λf /Λ) for the Γ/Λ-action on (L∞Σ)H×Λ by Lemma 27. There also exists
a fundamental pair (f,Hf /H) for the G/H -action on (L∞Σ)H×Λ by the other assumption.
Replacing (f,Hf /H) with (gf,gHf g−1), we assume that ef = 0.
We have two faithful traces TrΛ and TrH on the algebra (L∞Σ)H×Λ. We can consider
that (L∞Σ)H×Λ is an L∞-function space on a standard measure space. Let F be the Radon–
Nikodym derivative d TrΛ /d TrH . Since 0 < TrΛ(ef )  TrΛ(e) < ∞, the function F is inte-
grable on ef . Since both of the traces are invariant under the action of G and Γ , the function F
is invariant under the action of G× Γ . Thus d TrΛ /d TrH is constant c. It turns out that
TrH (e) = c−1 TrΛ(e) < ∞. (5)
Let Γnor ⊂ Γ be the normalizing subgroup of Λf . Let q ∈ (L∞Σ)H×Λ be the projec-
tion given by
∨
γ∈Γnor γ (e). The group Λf acts trivially on the algebra q(L
∞Σ)H×Λ. For
γ ∈ Γ ∩ (Γnor)c , there exists γ ′ ∈ Λf such that γ−1γ ′γ /∈ Λf . Then the projections γ (e) and
γ ′γ (e) = γ γ−1γ ′γ (e) are perpendicular. It follows that q can be characterized as the largest
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invariant under the G×Γnor-action. It follows that there exists a Γnor-invariant measurable subset
Yf ⊂ Y such that χ(GYf ) = q .
Choose representatives {γι}ι∈I for the left cosets Γ/Γnor. Then the projections {γι(q)}ι∈I gives
a partition of 1Y . The projection γι(q) is the characteristic function of β(γι)(Yf ) ⊂ Y . Since
ν(Yf ) = ν(β(γι)(Yf )), we get
[Γ : Γnor]ν(Yf ) =
∑
ι
ν
(
β(γι)(Yf )
)= ν(Y ). (6)
We note that if the measure of Y is finite, the index of Γnor ⊂ Γ is finite. We regard Σ1 = GYf
as a measurable embedding of G into Γnor. We note that e is a fundamental domain for the
Γnor/Λf -action on q(L∞Σ)H×Λ.
The pair (qf,Hf /H) is a fundamental pair for the G/H -action on q(L∞Σ)H×Λ. Let Gnor be
the normalizing subgroup of Hf ⊂ G. By the same technique as above, we can find a Gnor ×Γnor-
invariant projection p in q(L∞Σ)H×Λ such that Hf /H acts on p(L∞Σ)H×Λ trivially and that
qf gives a fundamental domain for the Gnor/Hf -action on p(L∞Σ)H×Λ. Furthermore, since
the measure of X is finite, the index [G : Gnor] is finite.
The projection pe is a fundamental domain for the Γnor/Λf -action on p(L∞Σ)H×Λ and
satisfies TrH (pe) < ∞ by Eq. (5). The projection qf is a fundamental domain for the Gnor/Hf -
action on p(L∞Σ1)H×Λ. Thus the measure space representing (p(L∞Σ)H×Λ,TrH ) gives
a measurable embedding of Gnor/Hf into Γnor/Λf . Together with G/H ∼ME Gnor/Hf and
Γnor/Λf ∼ME Γnor/ΛME Γ/Λ, we get G/H ME Γ/Λ.
Suppose that Σ is an ME coupling between G and Γ . Since μ(Y ) < ∞, the (Gnor/Hf )-
fundamental domain qf ∈ p(L∞Σ1)G×Λ satisfies TrH (qf ) < ∞. We conclude that
p(L∞Σ1)G×Λ gives an ME coupling between Gnor/Hf and Γnor/Λf . In addition, since the
index [Γ : Γnor] is finite, we get Γnor/Λf ∼ME Γ/Λ. We conclude G/H ∼ME Γ/Λ. 
6.2. Factorization up to ME
We get factorization results on ME and measurable embedding.
Theorem 29. Let G =∏mi=1 Gi be a product group of non-amenable groups Gi and let Γ =∏n
j=1 Γj be a product group of class S groups Γj . Suppose m n. If G ∼ME Γ (resp. GMEΓ ),
then m = n and the following hold:
1. There exists σ ∈ Sn so that Gσ(j) ∼ME Γj (resp. Gσ(j) ME Γj );
2. The group Γj is non-amenable and Gi ∈ S .
The last claim is a consequence of the first and Theorem 3.1 in [27].
Theorem 30. Let G0 and Γ0 be amenable and let Gi (1  i  m), Γj (1  j  n) be non-
amenable groups in the class S . Denote G = G0 ×∏mi=1 Gi , Γ = Γ0 ×∏nj=1 Γj . If G ∼ME Γ ,
then m = n and the following hold:
1. There exists σ ∈ Sn so that Gσ(j) ∼ME Γj ;
2. The group Γ0 is finite, if and only if G0 is finite.
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proofs in the following assumptions.
Framework 31. Positive integers m,n satisfy m  n. A group G0 is amenable and groups Gi
(1 i m) are non-amenable groups. A group Γ0 is amenable and groups Γj (1 j  n) are
in the class S . We denote by G, Γ the product groups
G = G0 ×
m∏
i=1
Gi, Γ = Γ0 ×
n∏
j=1
Γj .
A measure space (Σ,ν) is an ergodic measurable embedding of G into Γ . We denote by Hi , Λj
the subgroups
Hi = G0 ×
∏
k =i
Gk, 1 i m, Λj = Γ0 ×
∏
l =j
Γl, 1 j  n.
We do not need “H0”, “Λ0”.
A measurable subset X ⊂ Σ is a Γ -fundamental domain and a measurable subset Y ⊂ Σ is
a G-fundamental domain. We denote by Trj = TrΛj the trace on (L∞Σ)Λj defined as Trj (·) =
Tr(·χ(ΓjX)). We use the notations E(i)X , EX , E(j)Y and EY for the function valued measures
defined in Section 3.3:
E
(i)
Y = EHiY :
̂(
L∞Σ
)Hi
+ → ̂
(
L∞Y
)
+, EY : ̂
(
L∞Σ
)
+ → ̂
(
L∞Y
)
+;
E
(j)
X = E
Λj
X : ̂
(
L∞Σ
)Λj
+ → ̂
(
L∞X
)
+, EX : ̂
(
L∞Σ
)
+ → ̂
(
L∞X
)
+.
The following proposition also proves the assertion 2 in Theorem 30.
Proposition 32. In Framework 31, m = n holds true. If Γ0 is finite, then G0 is finite.
Proof. Proposition is proved by induction. We suppose n = 1. The group G = G1 × H1 =
G1 × (G0 × G2 × · · · × Gm) measurably embeds into Γ = Γ0 × Γ1 by Σ . The centralizing
subgroup ZG(H1) of H1 is non-amenable. Since Γ1 is bi-exact relative to {{1}}, Γ is bi-exact
relative to {Γ0} (Lemma 20). There exists a partial embedding for H1 Σ Γ0 in Σ , by Theo-
rem 25. By Remark 11, H1 is amenable. It follows that H1 = G0 and m = 1. If Γ0 is finite, then
H1 = G0 is also finite.
We suppose that the assertion holds true for a positive integer n − 1 and that G = Gm × Hm
measurably embeds into Γ . The group Γ is bi-exact relative to {Λi | 1  i  n}, since Γi is
bi-exact relative to {1} (Lemma 20). The centralizing subgroup of Hm in G is non-amenable
as Gm is not amenable. By Theorem 25, we have a measurable embedding Hm ME Λj . By
the induction hypothesis, we get m − 1  n − 1. It also follows that if m = n (equivalently
m− 1 = n− 1) and if Γ0 is finite, then G0 is also finite. 
For 1  j  n, there exists 1  σ(j)  n = m satisfying Hσ(j) Σ Λj by Theorem 25. We
claim that σ defines a map.
H. Sako / Journal of Functional Analysis 257 (2009) 3167–3202 3187Lemma 33. In Framework 31, if Hi Σ Λj and Hk Σ Λj , then i = k.
Proof. By the assumptions, there exist projections ei, ek in (L∞Σ)Λj satisfying hi(ei) = ei
(hi ∈ Hi), hk(ek) = ek (hk ∈ Hk) and
0 < Trj (ei) < ∞, 0 < Trj (ek) < ∞.
For any g ∈ Gi and γ ∈ Γj , the projection gγ (ei) is also invariant under the action of Hi and
Λj and the trace Trj (gγ (ei)) is equal to Trj (ei). Since the action of Gi × Γj on (L∞Σ)Hi×Λj
is ergodic, the projection ∨{gγ (ei) | g ∈ Gi,γ ∈ Γj } is 1. Thus there exists a projection eˆi
obtained by a finite union of {gγ (ei)} such that hi(eˆi) = eˆi (hi ∈ Hi) and
0 < Trj (eˆi ) < ∞, Trj (ek)/2 < Trj (ekeˆi).
Assume i = k. Denote by C the convex norm closure of {g(eˆi) | g ∈ Gi} in L2((L∞Σ)Λj ,Trj ).
The element ξ ∈ C having the minimal value of 2-norm is fixed under Gi as well as Hi . Since
we have g(ek) = ek for g ∈ Gi ⊂ Hk , the following inequality holds true:〈
ek, g(eˆi)
〉= Trj (ekg(eˆi))= Trj (g(ekeˆi))= Trj (ekeˆi)> Trj (eˆi)/2.
The vector ξ satisfies 〈ek, ξ 〉  Trj (eˆi)/2 and thus ξ is not zero. Since ξ is fixed under
G = Gi ×Hi , a non-trivial level set Ω ⊂ Σ of ξ is also fixed under G. The measure of a Λj -
fundamental domain is Trj (Ω) < ∞. The measurable subset Ω gives a measurable embedding
of G into Λj , which contradicts Proposition 32. We conclude i = k 
We prove that σ defines an injective map. By m = n, σ is also surjective.
Lemma 34. In Framework 31, if Hi Σ Λj and Hi Σ Λl , then j = l.
Proof. There exist projections fj , fl ∈ (L∞Σ)Hi satisfying λj (fj ) = fj (λj ∈ Λj), λl(fl) = fl
(λl ∈ Λl) and
0 < Trj (fj ) < ∞, 0 < Trj (fl) < ∞.
Since Σ is an ergodic measurable embedding, the projection ∨{gγ (fj ) | g ∈ Gi,γ ∈ Γj } is 1.
Replacing fj with a bigger projection, we may assume that fjfl is not zero.
Assuming j = l, we deduce a contradiction. Denote  = Γ0 ×∏k =j,l Γk = Λj ∩ Λl . The
function valued measures E(j)X and E
(l)
X satisfy the following:
EX(fjfl)(x) =
∑
γj γl∈Γj×Γl
fjfl(γj γlx)
=
∑
γj γl∈Γj×Γl
fj (γj x)fl(γlx)
=
∑
γj∈Γj
fj (γj x)
∑
γl∈Γl
fl(γlx)
= E(j)(fj )(x)E(l)(fl)(x), a.e. x ∈ X.X X
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almost everywhere, since the functions E(j)X (fj ) and E
(l)
X (fl) are integrable. It follows that
Hi Σ , by Lemma 15. This contradicts Proposition 32. 
Proof for assertion 1 in Theorem 29. Let G0 and Γ0 be trivial groups in Framework 31. By
redefining the indices, we may assume Hi Σ Λi .
We take a projection ei ∈ (L∞Σ)Hi×Λi satisfying 0 < Tri (ei) < ∞. We may assume that
E
(i)
X (ei) is bounded. By replacing ei with a finite union of projections gγ (ei) (g ∈ Gi, γ ∈ Γi),
we may also assume that the product e =∏ni=1 ei is not zero. By direct computations, we get the
following equation:
EY (e)(y) =
∑
g∈G
e(gy) =
∑
(g1,g2,...,gn)∈G
n∏
i=1
ei(giy)
=
n∏
i=1
∑
gi∈Gi
ei(giy) =
n∏
i=1
E
(i)
Y (ei)(y), a.e. y ∈ Y.
We also get EX(e) =∏ni=1 E(i)X (ei). Then it turns out that EY (e) is integrable, since∫
Y
EY (e) dν =
∫
Σ
e dν =
∫
X
EX(e) dν
=
∫
X
n∏
i=1
E
(i)
X (ei) dν  ν(X)
n∏
i=1
sup
x
E
(i)
X (ei)(x) < ∞.
On the support W ⊂ Y of EY (e), the function E(i)Y (ei) satisfies
E
(i)
Y (ei)(y) E
(i)
Y (ei)(y)×
∏
j =i
E
(j)
Y (ej )(y) = EY (e)(y), a.e. y ∈ W,
since E(j)Y (ej ) is ({0,1, . . . ,∞})-valued on W . It follows that the function E(i)Y (ei) is integrable
on W . Since EY (e) is not zero, E(i)Y (ei) is also not zero on W . By Proposition 28 for quo-
tients Gi ∼= G/Hi and Γi ∼= Γ/Λi , we get the conclusion in the two cases ν(Y ) < ∞ and
ν(Y ) = ∞. 
Proof for assertion 1 in Theorem 30. Let G0, Γ0 be amenable groups and let Gi,Γi
(1  i  n) be non-amenable groups in the class S . By replacing the indices, we may assume
that Hi Σ Λi for any i. By replacing the roles on G and Γ , there exists ρ ∈ Sn such that
Λi Σ Hρ(i). By Proposition 28, we only have to show that ρ(i) = i.
Assume that k = ρ(i) = i. Since Hi Σ Λi , there exists a projection e ∈ (L∞Σ)Hi×Λi with
0 < Tri (e) < ∞. Since Λi Σ Hk , by Lemma 27, there exist a projection f ∈ (L∞Σ)Hk×Λi and
a finite subgroup Gk,f ⊂ Gk so that the pair (f,Gk,f ) is a fundamental pair for the Gk-action on
(L∞Σ)Hk×Λi . Let {gι}ι∈I be a set of representatives for the left cosets Gk/Gk,f . The projections
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Tri (e) =
∑
ι∈I
Tri
(
egι(f )
)=∑
ι∈I
Tri
(
gι(ef )
)= |I |Tri (ef ).
This contradicts 0 < Tri (e) < ∞ and |I | = ∞. Therefore we get k = i. 
6.3. Separately ergodic couplings
Definition 35. For a measure preserving group action of G = G0 ×∏ni=1 Gi on a standard
probability space X, we say that the action is separately ergodic when the subgroups Hi =
G0 ×∏k =i Gk (1 i  n) act on X ergodically. For a measurable embedding Σ of the product
group G and arbitrary countable group Γ , we say that the action is separately ergodic when the
groups Hi × Γ act on Σ ergodically.
For a separately ergodic couplings, we get a stronger conclusion than the previous subsection.
Theorem 36. Let G and Γ be product groups which satisfy the assumptions in Theorem 29.
Let Σ be a measurable embedding of G into Γ . If Σ is separately ergodic, then m = n and
there exist σ ∈ Sn and subgroups Gi,fin ⊂ G, Γi,fin ⊂ Γi,nor ⊂ Γi (1 i  n) with the following
properties:
1. The subgroup Gi,fin ⊂ Gi is finite and normal. The subgroup Γi,fin is finite and Γi,nor nor-
malizes Γi,fin.
2. The group Gσ(i)/Gσ(i),fin is isomorphic to Γi,nor/Γi,fin.
3. The coupling index of Σ satisfies
[Γ : G]Σ =
n∏
i=1
|Γi,fin|[Γi : Γi,nor]
|Gσ(i),fin| .
If Σ is an ME coupling, then [Γi : Γi,nor] < ∞ and Gσ(i) and Γi are commensurable up to
finite kernel.
Theorem 37. Let G and Γ be product groups which satisfy the assumptions in Theorem 30. If
there exists a separately ergodic ME coupling between G and Γ , then m = n and there exists
σ ∈ Sn so that Gσ(i) and Γi are commensurable up to finite kernel.
We proceed the proof for the two theorems in Framework 31.
Proof. Suppose that the measurable embedding Σ is separately ergodic. By the previous sub-
section, m = n and there exists σ ∈ Sn satisfying Hσ(i) Σ Λi . For simplicity of notations, we
change the indices on Gi so that Hi Σ Λi .
Let a pair (ei,Γi,fin) of a projection ei ∈ (L∞Σ)Hi×Λi and a finite subgroup Γi,fin ⊂ Γi
be a fundamental pair for the Γi -action on (L∞Σ)Hi×Λi (Lemma 27). Since ei ⊥ γ (ei) for
γ ∈ Γi ∩ (Γi,fin)c and the group Γi,fin acts on ei(L∞Σ)Hi×Λi trivially, every projection e′i in
ei(L
∞Σ)Hi×Λi satisfy
e′i = eie′i =
∑
eiγ (e
′
i ) = ei
∨
γ (e′i ) = ei
∨
γ (e′i ).γΓi,fin∈Γi/Γi,fin γ∈Γi γ∈Γ
3190 H. Sako / Journal of Functional Analysis 257 (2009) 3167–3202Letting X′ ⊂ X be the support of E(i)X (e′i ), the projection e′i is of the form eiχ(Γ X′). The mea-
surable subset X′ ⊂ X ∼= Γ \Σ is Hi -invariant since E(i)X is G-equivariant. Since the embedding
Σ is separately ergodic, it must be null or co-null. We get e′i = ei or 0. This means that ei is a
minimal projection in (L∞Σ)Hi×Λi .
Let Pi be the set of minimal projections in (L∞Σ)Hi×Λi . The Gi -action and Γi -action on
Pi commute with each other. Since (ei,Γi,fin) is a fundamental pair, the action of Γi on Pi is
transitive. The stabilizer of ei is Γi,fin. Let Gi,fin ⊂ Gi be the stabilizer of ei , and Γi,nor ⊂ Γi be
the collection of elements γ ∈ Γi for which there exists g ∈ Gi satisfying γ (ei) = g−1(ei). If
g ∈ Gi and γ ∈ Γi,nor satisfy this relation, then for gf ∈ Gi,fin and γf ∈ Γi,fin we get
g−1gf g(ei) = g−1gf γ−1(ei) = g−1γ−1gf (ei) = g−1γ−1(ei) = ei,
γ−1γf γ (ei) = γ−1γf g−1(ei) = γ−1g−1γf (ei) = γ−1g−1(ei) = ei .
It turns out that Gi , Γi,nor normalize Gi,fin, Γi,fin respectively. If ga, gb ∈ Gi and γa, γb ∈ Γi,nor
satisfy relations γa(ei) = g−1a (ei), γb(ei) = g−1b (ei), then γ−1a (ei) = ga(ei) and
γaγb(ei) = γag−1b (ei) = g−1b γa(ei) = g−1b g−1a (ei) = (gagb)−1(ei).
It follows that Γi,nor is a subgroup of Γi and that when we define a map
φi : Gi/Gi,fin  gGi,fin → γΓi,fin ∈ Γi,nor/Γi,fin
by γ (ei) = g−1(ei), this gives a group isomorphism.
We next claim that the function valued measures satisfy
E
(i)
X (ei) = |Γi,fin|1X, E(i)Y (ei) = |Gi,fin|1Yi ,
where Yi is the support of E(i)Y (ei). Define projections qi, q ∈ L∞Y by qi = 1Yi and q =
∏n
i=1 qi .
The measurable subset Y0 =⋂ni=1 Yi corresponds to q . Take a Γ -fundamental domain Xi ⊂ Σ
as χ(Xi)  ei . The measurable set corresponding to ei can be written as Γi,finΛiXi , since
γ (ei) = ei (γ ∈ Γi,fin), γ (ei) ⊥ ei (γ ∈ Γi ∩ Γ ci,fin) and ei is Λi -invariant. The function valued
measure satisfies EΛiXi (ei) = |Γi,fin|1Xi and this confirms the first equation by the identification
Xi ∼= Γ \Σ ∼= X. The proof for the second equation is the same. Define e =∏ni=1 ei ∈ L∞Σ .
The function valued measures of e with respect to Γ0 and G0 are
E
Γ0
X (e) =
n∏
i=1
E
(i)
X (ei) =
n∏
i=1
|Γi,fin|1X, (7)
E
G0
Y (e) =
n∏
i=1
E
(i)
Y (ei) =
n∏
i=1
|Gi,fin|q. (8)
Define subgroups Gfin ⊂ G and Γfin ⊂ Γnor ⊂ Γ by
Gfin = G0 ×
n∏
Gi,fin, Γfin = Γ0 ×
n∏
Γi,fin, Γnor = Γ0 ×
n∏
Γi,nor.i=1 i=1 i=1
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ν(Y ) = [Γ : Γnor]ν(Y0). (9)
We denote by qi the union of Gi -orbit of ei ,
qi =
∨
g∈Gi
g(ei) =
∨
γ∈Γi,nor
γ (ei).
The measurable subset Yi ⊂ Y ∼= G \ Σ corresponds to qi . We note that for γ, γ ′ ∈ Γi , we
get either γ (qi) = γ ′(qi) (γ−1γ ′ ∈ Γi,nor) or γ (qi) ⊥ γ ′(qi) (γ−1γ ′ ∈ Γi ∩ (Γi,nor)c). Then for
γ, γ ′ ∈ Γ , we get
γ (q) = γ ′(q), γ−1γ ′ ∈ Γnor, γ (q) ⊥ γ ′(q), γ−1γ ′ ∈ Γ ∩ (Γnor)c.
It follows that representatives {γι}ι for Γ/Γnor give a partition {γιq}ι of 1Σ . Since the measurable
sets {γιY0}ι have the same measure, we have Eq. (9).
Suppose G0 = Γ0 = {1}. Since |Γi,fin| is finite, by (7) and (8), we get
|Gfin|ν(Y0) =
∫
Y
EY (e)ν =
∫
Σ
e dν =
∫
X
EX(e)ν = |Γfin|ν(X) < ∞.
It follows that the subgroups Gi,fin are finite. Furthermore, the coupling index of Σ is given by
[Γ : G]Σ = ν(Y )/ν(X) = [Γ : Γnor]ν(Y0)/ν(X) = [Γ : Γnor]|Γfin|/|Gfin|.
In particular, if [Γ : G]Σ < ∞, then [Γ : Γnor] < ∞. The map φi gives an isomorphism between
Gi/Gi,fin and Γi,nor/Γi,fin. Theorem 36 was confirmed.
In turn, we suppose that ν(Y ) < ∞ and G,Γ are product groups satisfying the assumptions
in Theorem 30. The proof of Theorem 30 has shown that Λi Σ Hi and that TrHi is a scalar
multiple of TrΛi . Thus the projection ei satisfies 0 < TrHi (ei) =
∫
Y
E
(i)
Y (ei) dν < ∞. The group
Gi,fin is finite as E(i)Y (ei) = |Gi,fin|1Yi is integrable. The index [Γ : Γnor] = ν(Y )/ν(Y0) is also
finite by Eq. (9). It follows that Γi,nor is a finite index subgroup of Γi . The map φi gives an
isomorphism between Gi/Gi,fin and Γi,nor/Γi,fin. This confirms Theorem 37. 
6.4. OE strong rigidity theorems
Definition 38. Let G and Γ be arbitrary countable groups. Suppose that α is a free e.m.p. action
of G on a standard probability space X and that φ : G → Γ is a group homomorphism with finite
kernel. Consider the G× Γ -action A defined on Σ = Γ ×X by
A(γ0, g)(γ, x) =
(
γ0γφ(g)
−1, αg(x)
)
and choose a fundamental domain Y for the G action. The induced action IndΓG(α,φ) is a Γ -
action on Y ∼= G \Σ defined by
γ0
(
A(G)(γ, x)
)= A(G)(γ0γ, x).
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is an isomorphism, then the induced action β = IndΓG(α,φ) is conjugate to the action α. The
measure of Y is finite if and only if the image of φ is a finite index subgroup of Γ .
Definition 39. A group Γ is said to be in S0 when Γ ∈ S and does not have a pair of subgroups
{1} = Γfin ⊂ Γnor ⊂ Γ satisfying (1) Γfin is finite, (2) Γnor normalizes Γfin, (3) Γnor ⊂ Γ is finite
index.
ICC groups satisfy these three conditions.
Theorem 40. Let G =∏ni=1 Gi be a product group of non-amenable groups and let Γ =∏ni=1 Γi
be a product group of groups in S0. Suppose that α is a free e.m.p. G-action on a standard
probability space X and that β is a free e.m.p. Γ -action on a standard measure space Y . If the
two group actions α and β are SOE with compression constant s ∈ (0,∞], (that is, Rsα ∼= Rβ ),
and if α is separately ergodic, then there exist σ ∈ Sn and a group homomorphism from φi :
Gσ(i) → Γi with the following properties:
1. The Γ -action β is conjugate to the induced action IndΓG(α,φ), where φ is the group homo-
morphism from G to Γ given by φ((gi)σ(i)) = (φi(gi)).
2. The compression constant s satisfies
s =
n∏
i=1
[Γi : image(φi)]
|ker(φi)| .
If s < ∞, then [Γi : image(φi)] < ∞ and Gσ(i),Γi are commensurable up to finite kernel.
Proof. Let R be a type II relation on a standard measure space (Z, ν), which gives SOE be-
tween α and β . Namely, X,Y ⊂ Z be measurable subsets with μ(X) = 1, μ(Y ) = s and that
Rα = R ∩ (X ×X), Rβ = R ∩ (Y × Y). We consider the measure space Σ = R ∩ (X × Y)
as a measurable embedding of G into Γ and that X is a separately ergodic G-space. Then the
embedding Σ is separately ergodic.
We use notations in Framework 31. For the simplicity of notations, we assume that HiΣ Λi .
Let ei ∈ (L∞Σ)Hi×Λi be a minimal projection and let Gi,fin ⊂ Gi and Γi,fin ⊂ Γi,nor ⊂ Γi be
subgroups given in the previous proof. The subgroup Γi,fin is finite and the inclusion Γi,nor ⊂ Γi
has finite index. The condition Γ ∈ S0 means Γi,fin = {1}. We get a surjective group homo-
morphism φi : Gi → Γi,nor with kernel Gi,fin by φ(g)ei = g−1ei . Defining φ : G → Γ by
φ((gi)) = (φi(γi)), we get φ(g)e = g−1e for g ∈ G. By using (7), the projection e =∏ni=1 ei sat-
isfies EX(e) =∏ni=1 |Γi,fin|1X = 1X . The support Xe of e is a measurable subset of Σ and a Γ -
fundamental domain of Σ . We replace X with Xe (through the identification X ∼= Γ \Σ ∼= Xe).
We also identify the measurable set Σ with Γ ×X by Γ ×X  (γ, x) → γ (x) ∈ Σ . The G-action
on L∞Σ satisfies
g
(
f γ (e)
)= αg(f )γg(e) = αg(f )γ φ(g)−1(e), f ∈ L∞X ∼= (L∞Σ)Γ .
It follows that the G-action on Γ ×X can be written as
g(γ, x) = (γφ(g)−1, αg(x)), γ ∈ Γ, a.e. x ∈ X.
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IndΓG(α,φ). 
Corollary 41. Let G =∏ni=1 Gi and Γ =∏ni=1 Γi be product groups of non-amenable groups
in S0. Suppose that α is a free e.m.p. G-action on a standard probability space X and that β is a
free e.m.p. Γ -action on a standard finite measure space Y . If the two group actions α and β are
stably orbit equivalent with constant s ∈ (0,∞), that is Rsα ∼= Rβ , and if α and β are separately
ergodic, then s = 1. In particular, the fundamental group F(Rα) is {1}.
Proof. Since the group Gi is in S0, Gi has no normal finite subgroup other than {1}. Thus we
get s =∏ni=1[Γi : Γi,nor]  1 by Theorem 40. By replacing the roles on G and Γ , we also get
s−1  1. 
Corollary 42. Let G and Γ be as in Corollary 41. Suppose that G and Γ act on a common stan-
dard probability space Z by α and β , respectively, in free e.m.p. ways. If the two group actions
α and β give the same equivalence relation R on Z, and if α and β are separately ergodic, then
there exists a measure preserving map θ on Z so that its graph is essentially included in R and
that it gives conjugacy between α and β . In particular, the outer automorphism group Out(Rα)
is {1}.
Proof. We regard R as an ME coupling between G and Γ with coupling index 1, letting G act
on first entries and Γ act on second entries. Let X be a Γ -fundamental domain and Y be a G-
fundamental domain. Although the subset X and Y can be identical (for example, the diagonal
set), we distinguish them. We may assume that Hi R Λi . The product e of minimal projec-
tions ei ∈ (L∞R)Hi×Λi satisfies EX(e) = 1X , since the groups Γi,fin in the proof of Theorem 36
are {1}. By replacing the roles on G and Γ , we also get EY (e) = 1Y . Then there exists a measure
preserving map θ on Z such that χ({(y, θ(y)) | y ∈ Z}) = e.
The group homomorphism φ : G → Γ given in the proof of Theorem 40 is bijective, since
Gi,fin = {1},∏ni=1[Γi : Γi,nor] = 1. For g ∈ G, we get
g−1e = χ({(α(g−1)(y), θ(y)) ∣∣ y ∈ Z})= χ({y, θ(α(g)(y)) ∣∣ y ∈ Z}),
φ(g)e = χ({(y,β(φ(g))θ(y)) ∣∣ y ∈ Z}).
Since g−1e = φ(g)e, there exists a co-null subset Z′ ⊂ Z such that
θ
(
α(g)(y)
)= β(φ(g))θ(y), y ∈ Z′, g ∈ G, 
Theorem 43. Let G0 (resp. Γ0) be an amenable group and let Gi (1 i  n) (resp. Γi) be non-
amenable groups in S with no finite normal subgroup. Denote G = G0 ×∏ni=1 Gi (resp. Γ =
Γ0 ×∏ni=1 Γi). Suppose that α (resp. β) is a free m.p. G-action (resp. Γ -action) on a standard
probability space X (resp. Y ) on which G0 acts (resp. Γ0) ergodically. If the two group actions
α and β are orbit equivalent, then there exist σ ∈ Sn, group isomorphisms φi : Gσ(i) → Γi and
measure preserving map θ : X → Y which satisfy:
Define φ by φ :∏ni=1 Gi  (gi)σ (i) → (φi(gi))i ∈∏ni=1 Γi . For almost every x ∈ X and every
g ∈∏n Gi , θ(α(gG0)x) = β(φ(g)Γ0)θ(x).i=1
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that they give the same equivalence relation Σ . We regard Σ as an ME coupling between G and
Γ with coupling index 1, letting G act on first entries and Γ act on second entries. We choose a
G-fundamental domain X and Γ -fundamental domain Y . Define a bijection σ by Hσ(i) Σ Λi
and Λi Σ Hσ(i). For simplicity, we assume that σ = id.
By the previous subsection, (L∞Σ)Hi×Λi is atomic and the Γi -action on the set of mini-
mal projections is transitive. Since the assumptions are symmetric on G and Γ , the Gi -action
is also transitive. It follows that for a minimal projection ei ∈ (L∞Σ)Hi×Λi , the stabilizers
Γi,fin ⊂ Γi and Gi,fin ⊂ Gi are finite normal subgroups. Thus they are {1}. Let φi : Gi → Γi be the
group isomorphism given by g−1ei = φi(g)ei . The product of projections e =∏ni=1 ei satisfies
E
G0
X (e) =
∏n
i=1 |Gi,fin|1X = 1X . By replacing the roles on G and Γ , we also get EΓ0Y (e) = 1Y .
We claim that there exists a measure preserving map θ on X whose graph is included in
the support of e. Let e0 be maximal among projections dominated by e with the properties
EX(e0) 1X , EY (e0) 1Y . Suppose that
∫
X
EX(e0) dν =
∫
Y
EY (e0) dν = ν(e0) < 1. By replac-
ing X and Y , we may assume that e0  χ(X)  e and e0  χ(Y )  e. There exists a non-null
measurable subset Y0 ⊂ Y so that χ(Y0) is perpendicular with e0 and that the graph of Y0 gives
partial isomorphism on Z. Since the G0-action on Γ \Z is ergodic, replacing Y0 with a smaller
non-null measurable subset, there exists g ∈ G0 satisfying αg(EX(Y0)) ⊥ EX(e0). Then the pro-
jection e0 + g0χ(Y0) is dominated by e and satisfies
EX
(
e0 + gχ(Y0)
)= EX(e0)+ αg(EX(χ(Y0))) 1X,
EY
(
e0 + gχ(Y0)
)= EY (e0)+ 1|Y0  1Y .
This contradicts the maximality of e0. Thus we get EX(e0) = 1X and EY (e0) = 1Y . This means
that the projection e0 corresponds to a graph of a measure preserving map θ : Z → Z, that is,
χ({(x, θ(x)) | x ∈ Z}) = e0. Then for g ∈∏ni=1 Gi , we have the following equality of projec-
tions:
g−1e =
∑
g0∈G0
g−1g−10 e0 = χ
({(
α
(
g−10 g
−1)(x), θ(x)) ∣∣ x ∈ Z, g0 ∈ G0})
= χ({(x, θα(gg0)(x)) ∣∣ x ∈ Z, g0 ∈ G0}),
φ(g)e =
∑
γ0∈G0
φ(g)γ0e0 = χ
({(
x,β
(
φ(g)γ0
)
θ(x)
) ∣∣ x ∈ Z, γ0 ∈ Γ0}).
Since g−1e = φ(g)e, it follows that θ(α(gG0)x) = β(φ(g)Γ0)θ(x), a.e. x ∈ Z. 
6.5. OE super rigidity type theorems
Theorem 44. Let Γ =∏ni=1 Γi be a direct product group of non-amenable ICC groups in S and
let G be an arbitrary countable group.
1. Suppose that there exists an ME coupling Σ of G with Γ . If the Γ -action on G \ Σ is
separately ergodic and if the G-action on Γ \ Σ is mildly mixing, then there exists a group
homomorphism φ : G → Γ with finite kernel and the coupling index satisfies [Γ : φ(G)] =
|ker(φ)|[Γ : G]Σ .
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space X and a free mildly mixing m.p. G-action on a standard finite measure space Y . If the
actions α and β are SOE with finite constant, then there exists a homomorphism φ : G → Γ
with finite kernel and finite index image such that the induced action IndΓG(α,φ) is conjugate
to β .
The technique we need here has already been given by Monod and Shalom. The above
theorems are obtained by verbatim translations of the sixth chapter of Monod and Shalom’s
paper [15]. We remark that we use the ICC condition on Γi to construct Furman’s homomor-
phism.
7. Measure equivalence between wreath product groups
The goal of this section is Theorem 7.
Lemma 45. Let H ⊂ G be an infinite subgroup of a countable group and let Γ˜ = B  Γ be a
countable wreath product group with B = {1}. Suppose that Σ is a measurable embedding of G
into B  Γ .
If H measurably embeds into Γ in Σ , then there exists a partial embedding Ω of H into Γ
such that for any partial embedding Ω ′ of H Σ Γ , we get Ω ′ ⊂ Ω , after subtracting a null set.
The Γ -support of H Σ Γ (Definition 12) satisfies EΓX(Ω) = suppΓX(H Σ Γ ) ∈ L∞X.
Proof. We denote B˜ =⊕Γ B and p = suppΓX(H Σ Γ ). Let Ω ⊂ Σ be an arbitrary partial
embedding of H into Γ and let X be a fundamental domain of Σ under the Γ˜ -action. We can
write Ω as Ω =⊔b∈B˜ Γ bXb, for some measurable subsets Xb ⊂ X. The measurable function
EΓX(Ω) is written as
∑
b∈B˜ χ(Xb) and it is integrable. First we claim that EΓX(Ω) is a projection.
Suppose that the essential range of EΓX(Ω) is not contained in {0,1}. Then there exist a non-
null measurable subset W ⊂ X and finite subset {b1, b2, . . . , bk} ⊂ B˜ satisfying k  2, bi = bj
(i = j) and Ω ∩ ΓW =⊔ki=1 Γ biW . The measurable set b−11 Ω ∩ b−12 Ω is H -invariant and
satisfies
b−11 Ω ∩ b−12 Ω ∩ ΓW =
⋃
i
b−11 Γ biW ∩
⋃
j
b−12 Γ bjW =
⋃
i,j
(
b−11 Γ bi ∩ b−12 Γ bj
)
W.
Applying the function valued measure EX : ̂L∞(Σ)+ → ̂L∞(X)+, we get
EX
(
b−11 Ω ∩ b−12 Ω
)
1W =
∣∣∣∣⋃
i,j
(
b−11 Γ bi ∩ b−12 Γ bj
)∣∣∣∣1W .
Since
⋃
i,j b
−1
1 Γ bi ∩ b−12 Γ bj is a finite set and non-empty, we get H Σ {1} (Lemma 15). This
contradicts |H | = ∞. Thus the essential range of EΓX(Ω) is included in {0,1} and EΓX(Ω) is a
projection.
When Ω,Ω ′ are partial embeddings of H into Γ , the union Ω∪Ω ′ is also a partial embedding
of H into Γ . By the above, EΓX(Ω ∪Ω ′) is a projection.
There exists an increasing sequence of Ωn of partial embeddings of H into Γ with∨
n E
Γ
X(Ωn) = p. Let Ω be the union of {Ωn}. Applying EΓX , we get
EΓX
(
χ(Ω)
)= supEΓX(Ωn) = p.
n
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ding. Then we get EΓX(Ω)  EΓX(Ω ∪ Ω ′)  p = EΓX(Ω). Since EΓX is faithful, we conclude
χ(Ω ∪Ω ′) = χ(Ω) and that Ω dominates all partial embedding, after subtracting a null set. 
Proposition 46. Let G × H ⊂ G˜ be a direct product type subgroup of an exact group G˜. Let
Γ˜ be an exact wreath product group B  Γ with amenable base B = {1}. Suppose that G is
non-amenable and that H is infinite.
If Σ is an ergodic measurable embedding of G˜ into Γ˜ , then there exists a maximal partial
embedding Ω of G×H into Γ . The embedding satisfies EΓX(Ω) = 1X ∈ L∞X.
Proof. The group Γ˜ is bi-exact relative to {Γ } by Lemma 21. By Theorem 25, H measurably
embeds into Γ in Σ . Furthermore, its Γ˜ -support of the embedding is 1X . Let Ω be the largest
embedding of H into Γ (Lemma 45).
Since g ∈ G commutes with all elements in H , the measurable subsets gΩ,g−1Ω also give
embeddings of H into Γ . The maximality of Ω means that gΩ ⊂ Ω and g−1Ω ⊂ Ω , after null
sets are subtracted. It follows that the difference between gΩ and Ω is null. We may assume
that Ω is G × H -invariant. The measurable subset Ω gives a measurable embedding of G × H
into Γ . The embedding Ω of G × H into Γ is maximal, since it is maximal as an embedding
of H . 
Proof for Theorem 7. Let Σ be an ergodic ME coupling between two wreath products G˜ and Γ˜ .
By Proposition 46, we take the largest embedding Ωl ⊂ Σ of G×H into Γ ×Λ and the largest
embedding Ωr ⊂ Σ of Γ × Λ into G × H . It suffices to show that the difference between Ωl ,
Ωr is null. Since the assumptions are symmetric, we only prove that Ωl ∩Ωcr is null.
By the equality EG×HY (Ωr) = 1Y , there exists a measurable subset Y ′ ⊂ Ωr so that Y ′ is
a fundamental domain for the G˜-action on Σ and that χ((G × H)Y ′) = χ(Ωr). Denote A˜ =⊕
G×H A. We may assume that Ωr is an A˜-fundamental domain for the action A˜  Σ .
Suppose that Ωl ∩ (Ωr)c is not null. Then there exists 1 = a ∈ A˜ such that Ωl ∩ aΩr is not
null. We note that this is Γ ×Λ-invariant. There exist infinitely many elements {gi}i∈I in G×H
such that {gi(a)}i∈I are different from each other. The following equation holds true
TrΓ×Λ
(
Ωl ∩ gi(a)Ωr
)= TrΓ×Λ(gi(Ωl ∩ aΩr))= TrΓ×Λ(Ωl ∩ aΩr).
Since the measurable subsets {gi(a)Ωr} are disjoint, we get
0 <
∑
i∈I
TrΓ×Λ
(
Ωl ∩ gi(a)Ωr
)
 TrΓ×Λ(Ωl) < ∞.
This contradicts |I | = ∞. We conclude that Ωl ⊂ Ωr , after subtracting a null set. Since the
assumptions are symmetric, we get Ωl = Ωr , after subtracting null sets. The measurable subset
Ωl = Ωr gives an ME coupling of G×H with Γ ×Λ.
For the second assertion, we suppose that the coupling Σ comes from SOE, in other words,
the dot actions α : G˜  X and β : Γ˜  Y are free. We further assume that the actions α|G×H ,
β|Γ×Λ are ergodic. Since EΓ×ΛX (Ωl) = 1X , the action α|G×H is conjugate to the dot action
G×H  (Γ ×Λ)\Ωl . By symmetry, the action β|Γ×Λ is conjugate to the dot action Γ ×Λ 
(G × H) \ Ωl . Choose an embedding from X to a (Γ × Λ)-fundamental domain of Ωl and an
embedding from Y to a (G×H)-fundamental domain of Ωl . The compositions p : X ↪→ Ωl →
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and β|Γ×Λ. 
8. Factorization of amalgamated free products
The goal of this section is Theorem 50. We start with an argument on Bass–Serre trees.
Lemma 47. Let Γ be an amalgamated free product Γ1 ∗B Γ2 of countable groups. Let i be
either 1 or 2 and u be an element of Γ . If uΓi = Γ1, then there exist γ ∈ Γ and a subgroup
Bu ⊂ γBγ−1 with the following property: For all s, t ∈ Γ , S = sΓi ∩ tΓ1u ⊂ Γ is either empty
or a left coset of Bu.
Proof. Fix u throughout of this proof. Let s, t be arbitrary elements in Γ . Let T = Γ/Γ1 unionsqΓ/Γ2
be the Bass–Serre tree for Γ = Γ1 ∗B Γ2, on which the group Γ acts. The set tΓ1u is identical
to the collection of elements which move u−1Γ1 ∈ T to tΓ1 ∈ T . The set sΓi is the collection of
elements which move Γi ∈ T to uΓi ∈ T .
Let Bu be the set of elements which stabilize all points{
u−1Γ1 = p1,p2, . . . , pl = Γi
}⊂ T
on the geodesic from u−1Γ1 to Γi . Suppose that S is not empty. We take an element v ∈ S.
Then the set S is of the form vBu. Any element b ∈ Bu stabilizes the edge {pl−1,pl = Γi}.
The stabilizer of {pl−1,pl = Γi} is of the form γBγ−1 for some γ ∈ Γ . It follows that Bu is a
subgroup of γBγ−1. 
Lemma 48. Let H ⊂ G be an inclusion of countable groups and let Γ = Γ0 ∗B Λ be a free prod-
uct with amalgamation over a common subgroup B . Suppose that Σ is a measurable embedding
of G into Γ .
If H Σ Γ0 and if H ME B , then there exists a partial embedding Ω of H into Γ0 in Σ ,
which is maximal. Namely, for any partial embedding Ω ′ of H into Γ0, Ωc ∩ Ω ′ is a null set.
Furthermore, the Γ -support of H Σ Γ0 satisfies suppΓX(H Σ Γ0) = EΓ0X (Ω).
Proof. We choose and fix representatives {sι}ι∈I of the right cosets Γ0 \ Γ . Let Ω ⊂ Σ be an
arbitrary partial embedding of H into Γ0 and let X be a fundamental domain of Σ under the Γ -
action. We can write Ω =⊔ι∈I Γ0sιXι, for some measurable subsets Xι ⊂ X. The measurable
function EΓ0X (Ω) =
∑
ι∈I χ(Xι) is integrable.
Suppose that the essential range of EΓ0X (Ω) is not included in {0,1}. Then there exist a non-
null measurable subset W ⊂ X and a finite subset {s1, s2, . . . , sk} ⊂ {sι}ι∈I satisfying k  2,
si = sj (i = j) and Ω ∩ΓW =⋃ki=1 Γ0siW . Replacing X with s1W unionsq (X∩ (W)c) and {si} with
{sis−11 }, we may assume s1 = 1.
The measurable set s2Ω ∩Ω is H -invariant and satisfies
s2Ω ∩Ω =
⋃
i
s2Γ0siW ∩
⋃
j
Γ0sjW =
⋃
i,j
(s2Γ0si ∩ Γ0sj )W.
By Lemma 47, there exists a subgroup B2 ⊂ γ−1Bγ for some γ ∈ Γ so that S =⋃
(s2Γ0si ∩ Γ0sj ) is a finite union of right cosets of B2. The set S is not empty since s2i,j
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|EB2X (s2Ω∩Ω)|W = |B2 \S|1W . Thus we get H Σ B2 ⊂ γ−1Bγ (Lemma 15). Since H ME B ,
this is a contradiction. We conclude that the essential range of EΓ0X (Ω) is included in {0,1}. For
the rest of the proof, we do the same argument as Lemma 45. 
Proposition 49. Let G1 ×H ⊂ G be a direct product type subgroup of an exact group G. Let Γ
be an exact free product group ∗BΓi (1 i  n) with amalgamation over a common amenable
subgroup B . Suppose that G1,H are non-amenable. If Σ is an ergodic measurable embedding
of G into Γ , then
1. The Γ -supports pi of G1 ×H Σ Γi are mutually orthogonal and satisfy∑ni=1 pi = 1X .
2. There exist maximal measurable embeddings Ωi ⊂ Σ of G1 × H into Γi . Their function
valued measure EΓiX = E(i)X satisfies E(i)X (Ωi) = pi .
Proof. Since Γ is bi-exact relative to {Γi} and G1 is non-amenable, H measurably embeds
into some Γi in Σ (Theorem 25). Define pi as the Γ -support of the embedding H Σ Γi instead
of G1 ×HΣ Γi . By the maximality argument, Theorem 25 tells that the union of the Γ -supports
covers X, that is,
∨
i pi = 1X . Since non-amenable group H does not measurably embed into
amenable group B , we can take the largest partial embedding Ωi of H into Γi (Lemma 48). The
function valued measure satisfies E(i)X (Ωi) = suppΓX(H Σ Γi).
Since g ∈ G1 commutes with all elements in H , the measurable subsets gΩ,g−1Ω also give
embeddings of H into Γ . By the maximality of Ω , we have gΩ ⊂ Ω and g−1Ω ⊂ Ω , after
subtracting null sets. We may assume that Ω is G1 × H -invariant. The measurable subset Ωi
gives a measurable embedding of G1 × H into Γi . The maximal embedding Ω of H into Γi is
also maximal as an embedding of G1 ×H . The support of G1 ×H Σ Γi satisfies
pi = E(i)X (Ωi) suppΓX(G1 ×H Σ Γi) suppΓX(H Σ Γi).
It follows that pi = suppΓX(G1 ×H Σ Γi).
We claim that the projections pi are mutually orthogonal. It suffices to show that the Γ -
support Pi for the embedding G1 × H Σ ∗B,j =iΓj is perpendicular to pi . Denote Λ =
∗B,j =iΓj . Suppose that Pipi = 0. Then there exists a partial embedding Ω ′ ⊂ Σ of G1 × H
into Λ such that EΛX(Ω
′)pi = 0. Since EΛX(Ω ′) is a projection, there exist a non-null measurable
subset W ⊂ X and s, t ∈ Γ such that
Ω ∩ ΓW = ΓisW, Ω ′ ∩ ΓW = ΛtW.
By Lemma 47, the set ts−1Γis ∩ Λt is a right coset of a subgroup C = Cts−1 ⊂ Γ which is
isomorphic to a subgroup of B . The function valued measure ECX of ts−1Ω ∩Ω ′ satisfies
ECX
(
ts−1Ω ∩Ω ′)1W = ECX((ts−1Γis ∩Λt)W )= 1W .
This means that G1 × H Σ C, which contradicts non-amenability of G1 × H . It follows that
pi is perpendicular to Pi and that {pi} are mutually orthogonal. 
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exact groups. Suppose that {Gi} have a common amenable subgroup A and that {Γj } have a
common amenable subgroup B . Denote by G, Γ the amalgamated free products G = ∗AGi ,
Γ = ∗BΓj . Then we have the following:
1. If G ∼ME Γ , then for any 1 i m there exists 1 σ(i) n satisfying Gi ∼ME Γσ(i) and
for any 1 j  n there exists 1 ρ(j)m satisfying Gρ(j) ∼ME Γj ;
2. If m = n = 2 and G ∼ME Γ , then there exists i ∈ {1,2} satisfying G1 ∼ME Γi , G2 ∼ME Γi+1,
where i + 1 ∈ {1,2} ∩ {i}c;
3. Let Σ be an ME coupling between G and Γ . If the Gi × Γ -action on Σ is ergodic for
any i and if G × Γj -action on Σ is ergodic for any j , then m = n and there exists σ ∈ Sn
satisfying Gi ∼ME Γσ(i). More precisely, there exist Gi ×Γσ(i)-invariant measurable subsets
Ω(i,σ (i)) ⊂ Σ which gives an ME coupling of Gi with Γσ(i) and satisfies [Γ : G]Σ =
[Γσ(i) : Gi]Ω(i,σ (i));
4. Let α be a free m.p. G-action on standard probability space X and let β be a free m.p. Γ -
action on a standard finite measure space Y . Suppose that the Gi -action α|Gi on X and the
Γj -action β|Γj on Y are ergodic for any i, j . If the G-action and Γ -action are SOE, then
m = n and there exists σ ∈ Sn so that α|Gi and β|Γσ(i) are SOE.
Proof. Let Σ be an ergodic ME coupling between two amalgamated free products G and Γ
and let X,Y be fundamental domains for the Γ -action and G-action, respectively. We write
G = Gi ∗A Hi,Γ = Γj ∗B Λj , where Hi stands for ∗A,j =iGj and Λi stands for ∗A,j =iΓj .
Denote by Ω(i, j) ⊂ Σ the (possibly null) maximal partial embedding of Gi into Γj in Σ in
Proposition 49. The functions {EΓjX (Ω(i, j))} are characteristic functions and satisfy
n∑
j=1
E
Γj
X
(
Ω(i, j)
)= 1X, i = 1,2, . . . ,m.
Since the assumptions are symmetric, again by Proposition 49, we get the maximal partial em-
beddings Ξ(i, j) of Γj Σ Gi . The functions EGiY (Ξ(i, j)) are characteristic functions and
satisfy
m∑
i=1
E
Gi
Y
(
Ξ(i, j)
)= 1X, j = 1,2, . . . , n.
First we claim that suppGY (Ω(i, j))  suppGY (Ξ(i, j)). We only have to show that if
1 i, k m satisfy EGiY (Ω(i, j))E
Gk
Y (Ξ(k, j)) = 0, then i = k. Under the assumption, there ex-
ists h ∈ G such that Ω(i, j)∩ h(Ξ(k, j)) is non-null. Since the essential range of EGkY (Ξ(k, j))
is contained by {0,1}, there exists a measurable subset Yk ⊂ Σ such that
Ξ(k, j) = GkYk, hΞ(k, j) = hGkYk,
after subtracting null sets. Suppose k = i. For g ∈ Gi ∩ Ac, the Γi -invariant measurable subsets
hΞ(k, j) and ghΞ(k, j) are almost disjoint. Letting {gι}ι∈I be representatives for the left cosets
Gi/A, we get that {gιhΞ(k, j)}ι∈I are almost disjoint and
0 < TrΓj
(
Ω(i, j)∩
⊔
gιhΞ(k, j)
)
 TrΓj
(
Ω(i, j)
)
< ∞.ι∈I
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value of TrΓj . This contradicts |I | = [Gi : A] = ∞. The first claim was confirmed.
We next claim that Ω(i, j) is essentially included in Ξ(i, j). By the last paragraph, we get
χ(Ω(i, j)) 
∨
h∈G hχ(Ξ(i, j)). it suffices to deduce a contradiction supposing h ∈ G ∩ Gci
satisfies χ(Ω(i, j))hχ(Ξ(i, j)) = 0. For g ∈ Gi ∩Bc, the measurable subsets
hΞ(i, j) = hGiYi, ghΞ(i, j) = ghGiYi
are disjoint. By the same calculation as the last paragraph, we get
0 < |I |TrΓj
(
Ω(i, j)∩ hΞ(i, j)) TrΓj (Ω(i, j))< ∞.
We get a contradiction with |I | = [Gi : A] = ∞. We conclude that χ(Ω(i, j))  χ(Ξ(i, j)).
Since the assumptions are symmetric on G and Γ , it follows that Ω(i, j) = Ξ(i, j) after sub-
tracting null sets.
The measurable set Ω(i, j) = Ξ(i, j) gives an ME coupling of Gi with Γj if it is non-null.
For every 1 i m there exists 1 j  n satisfying EΓjX (Ω(i, j)) = 0. This means that Ω(i, j)
is non-null and Gi ∼ME Γj . By the same way, for 1  j  n there exists 1  i  m satisfying
Gi ∼ME Γj . We get the first assertion.
Suppose m = n = 2. By the first assertion, there exist i, j ∈ {1,2} such that G1 ∼ME Γi ,
G2 ∼ME Γj . If i = j , then there exists k ∈ {1,2} satisfying Gk ∼ME Γi+1 again by the first
assertion. Then we get the second assertion.
We next suppose that the Gi × Γ -action on Σ is ergodic for any 1  i  m and that the
G× Γj -action on Σ is ergodic for any 1 i  n. Since the Gi -action on X ∼= Γ \Σ is ergodic,
the function EΓjX (Ω(i, j)) is either 0 or 1X . It follows that for 1 i m there exists a unique 1
j = σ(i) n such that Ω(i, j) is non-null. Since the assumptions are symmetric, for 1 j  n
there exists a unique 1 ρ(j)m such that Ω(i, j) is non-null. The maps σ and ρ must be the
inverse maps of each other, and in particular m = n. Since the measure of a Γσ(i)-fundamental
domain of Ω(i,σ (i)) is
TrΓσ(i)
(
Ω
(
i, σ (i)
))= ∫
X
E
Γσ(i)
X
(
Ω
(
i, σ (i)
))
dν = ν(X),
and that of a Gi -fundamental domain is
TrGi
(
Ω
(
i, σ (i)
))= ∫
Y
E
Gi
Y
(
Ω
(
i, σ (i)
))
dν = ν(Y ),
we get the following equation between two coupling indices,
[Γ : G]Σ = ν(Y )/ν(X) = [Γσ(i) : Gi]Ω(i,σ (i)).
Suppose that the coupling Σ comes from SOE, in other words, the actions G  X ∼= Γ \ Σ
and Γ  Y ∼= G \Σ are essentially free and that the actions Gi  X, Γj  Y is ergodic. Then
the actions Gi  Γσ (i) \ Ω(i,σ (i)), Γσ(i)  Gi \ Ω(i,σ (i)) are conjugate to the original dot
H. Sako / Journal of Functional Analysis 257 (2009) 3167–3202 3201actions. It follows that the coupling Ω(i,σ (i)) give the stable orbit equivalence between two
actions Gi  X and Γσ(i)  Y . 
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